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HEEGNER CYCLES AND p-adic L-FUNCTIONS 


FRANCESC CASTELLA AND MING-LUN HSIEH 


Abstract. In this paper, we deduce the vanishing of Selmer groups for the Rankin-Selberg convo¬ 
lution of a cusp form with a theta series of higher weight from the nonvanishing of the associated 
L-value, thus establishing the rank 0 case of the Bloch-Kato conjecture in these cases. Our methods 
are based on the connection between Heegner cycles and p-adic L-functions, building upon recent 
work of Bertolini, Darmon and Prasanna, and on an extension of Kolyvagin’s method of Euler sys¬ 
tems to the anticyclotomic setting. In the course of the proof, we also obtain a higher weight analogue 
of Mazur’s conjecture (as proven in weight 2 by Cornut-Vatsal), and as a consequence of our results, 
we deduce from Nekovaf’s work a proof of the parity conjecture in this setting. 
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1. Introduction 

Let / G S 2 ™(ro(N)) be a newform of weight 2r > 2 and level N. Fix an odd prime p \ N. Let 
L/Qp be a finite extension containing the image of the Fourier coefficients of / under a fixed embedding 
ip : Q ^ Cp, and denote by 

Pf : Gal(Q/Q) ^ AntpiVfir)) ~ GL 2 (F) 

the self-dual Tate twist of the p-adic Galois representation associated to /. Let K/Q be an imaginary 
quadratic field of odd discriminant —Dk < —3 and let y : Gk ■= Gal(Q/A) —>• be a locally 

algebraic anticyclotomic character. The G/f-representation 

b.x ■=Vf{r)(g)x 

is then conjugate self-dual, and the associated Rankin L-series L(/, y, s) satisfies a functional equation 
relating its values at s and 2r — s. The Bloch-Kato conjectures (see |BK90j . |FPR94j L which provide 
a vast generalization of the Birch-Swinnerton-Dyer conjecture and Dirichlet’s class number formula, 
predict in this context the equality 

(BK) OTds=rL{f, X, s) = dimi7’Sel(L:, Vf^^) 

between the order of vanishing at the central point of the Rankin L-series L(/, y, s) and the size of the 
Bloch-Kato Selmer group Se\{K,Vf^^) for the representation V/,^- 

Hypothesis (H). The following hypotheses are assumed throughout. 

(a) pj2(2r- l)!Ap(A); 
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(b) the conductor of x is prime to N-, 

(c) iV is a product of primes split in K ; 

(d) p = pp is split in K, where p is induced by tp. 

Our first arithmetic application is the proof of new “rank zero” cases of conjecture (IBK|) . 
Theorem A. Assume further that the newform f is ordinary at p. If L(f,x,r) ^ 0, then 

dimj’ Sel(A, = 0. 

Remark. Let e(L/,x) = be the sign of the functional equation of L(f,x,s). The non-vanishing of 
L(/, X,r) implies e{Vf^^) = -1-1. On the other hand, under our Hypothesis (H), the global sign 
is completely determined by the local sign at the archimedean place, which in turn depends on the 
infinity type of x- More precisely, let cOk be the conductor of x and let (j, —j) be its infinity type, so 
that for every a € with a = 1 (mod cOk) we have 

X(recp(a)) = (a/a)^ 

where reCp : [K O Qp)^ —t is the geometrically normalized local reciprocity law map at p. Then 

one can show that 

£(b/,x) = +1 j >r or j < -r. 

In particular, the characters x for which Theorem A applies are all of infinite order. 

Let := Gal(Aoo/A) be the Galois group of the anticyclotomic Zp-extension of K. Write c = CoP® 
with p\ Co- Suppose that x = ipf’o, where is an anticyclotomic character of infinity type (r, —r) and 
conductor CqOk and fo is a p-adic character of Lj^.. The proof of Theorem A rests on the study of a p- 
adic L-function .ifp_^(/) G Zp|r](.] defined by the interpolation of the central critical values L{f, r), 
as (j) runs over a Zariski-dense subset of p-adic characters of Lj^-. In a slightly different form, this p-adic 
L-function was introduced in the earlier work of Bertolini, Darmon and Prasanna [BDP13j . where they 
proved a remarkable formula relating the values of .5fp^^(/) at unramified characters outside the range 
of interpolation to the p-adic Abel-Jacobi images of generalized Heegner cycles. 

Let Tf{r) be a Gal(Q/Q)-stable GF-lattice in Vf{r). As a key step toward the proof of Theorem A, 
we produce Iwasawa cohomology classes 

z/ G HUK^,Vf{r)) := ^ H\K',Tf{r)) F 

KCK'CK^ 

interpolating generalized Heegner cycles over the anticyclotomic tower. Moreover, based on an exten¬ 
sion of the calculations of |BDP13) we prove an “explicit reciprocity law”: 

(c/. Theorem l5.7l) relating the p-adic L-function .ifp_^(/) to the image of the classes z/ under a variant 
of Perrin-Riou’s big logarithm map Lp,^. The assumption that p = pp splits in K and the p-ordinarity 
of / are crucially used at this point. The non-ordinary case will be treated in a forthcoming work of 
S. Kobayashi. 

With the result at hand, the proof of Theorem A follows easily. Indeed, by the interpolation property 
of .ifp_^(/), the nonvanishing of the L-value L(/, x, r) in the statement implies the nonvanishing of the 
value of .jSfp_^(/) at <f>Q = by our explicit reciprocity law, this translates into the nonvanishing 

of the natural image of z/ in iL^ (Ap, V/ (r) 0 x~^) • Gombined with a suitable extension of Kolyvagin’s 
method of Euler systems with local conditions at p (see 0, we then use this to establish the vanishing 
ofSel(A,V^,^). 

Remark. Under more stringent hypotheses, a version of Theorem A was proven in [Gas 14) . The strategy 
followed in loc.cit. is the same as in this paper, but with our classes zj replaced by the specializations 
i^/(3oo) of Howard’s system of big Heegner points [HowO?] attached to the Hida family passing through 
/. In particular, a key ingredient in |Casl4j is the proof of a certain “two-variable” explicit reciprocity 
law, which specializes to a relation between .ifp_^(/) and the image of J^/(3oo) under Lp,^,. Gomparing 
the resulting two formulas for .jSfp_i/,(/), the equality 

^^/(3oo) = 


follows easily, yielding an important refinement of the main result of [Gas 13) . 
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Next we consider the case 

e(^/.x) = -1 -r <j < r, 

so the central L-value L(f, Xy f) vanishes, and we expect the nonvanishing of Selmer groups. In H4.41 we 
construct the classes 2:/,x.n € H^{Kn, Vf^^) over ring class fields Kn of K. These classes are obtained 
by taking the y-component of the p-adic Abel-Jacobi image of generalized Heegner cycles, and they 
enjoy the properties of an anticyclotomic Euler system. The aforementioned extension of Kolyvagin’s 
methods to the anticyclotomic setting, which follows from a combination of arguments developed by 
Nekovaf [Nek95| and Bertolini-Darmon |BD90) . also applies to Hecke characters x with infinity types 
(j, —j) with —r < j < r, and by these methods we obtain a proof of the following result without the 
p-ordinary hypothesis on /. Put := C0TXc/Kizf^x,c)- 

Theorem B. Assume that = —1. If 0, then 

Sel(i^,VfJ=F.z/,^. 

Remark. The expected extension of the Gross-Zagier formula of [Zha97) to generalized Heegner cycles, 
together with the conjectural injectivity of the p-adic Abel-Jacobi map [NekOOl Conj. (2.1.2)], would 
yield a proof of the implication L'{f, y, r) ^0 => ^ 0, for any y as above with e(V/,x) = —1- In 

these favorable circumstances, our Theorem B would imply conjecture (IBkI) in the “rank one” case. 

Appealing to the nonvanishing results of [Hsil4) . in Theorem 3.7 we show that the p-adic L-function 
!/>(/) S is nonzero, and hence, as y varies, all but finitely many of the values L(/,y,r) 

appearing in Theorem A are nonzero; our result thus covers most cases of conjecture (EK]) for those 
y. Moreover, combined with |Nek071 Corollary (5.3.2)], the above generic nonvanishing and our The¬ 
orems A and B yield a proof of the “parity conjecture” for 

Theorem C. Suppose that f is ordinary at p. Then 

ords=rA(/, y, s) = dimi7’Sel(Ar, Vf,x) (mod 2). 

That is, the equality predicted by conjecture (IbH holds modulo 2. 

Finally, we note that the nontriviality of .jSfp_^(/), combined with our extension of the p-adic Gross- 
Zagier formula of [BDP13) . immediately yields an analogue of Mazur’s nonvanishing conjecture |Maz84) 
for generalized Heegner cycles and ranks of Selmer groups (see Theorem 16.31) . 

Acknowledgements. Fundamental parts of this paper were written during the visits of the first-named 
author to the second-named author in Taipei during February 2014 and August 2014; it is a pleasure 
to thank NCTS and the National Taiwan University for their hospitality and financial support. We 
would also like to thank Ben Howard, Shinichi Kobayashi and David Loeffler for their comments and 
enlightening conversations related to this work. 

Notation and definitions. We let p be a prime and fix embeddings Zp : Q ^ Cp and too ■ Q ^ C 
throughout. Let A = Aq be the adele ring of Q. Let = Ylqtl’q ■ Q\A- —)> be the standard 
additive character with = exp(27rix). For each finite prime q, denote by ord^ : —>• Z the 

normalized valuation with ovdq^q) = 1. If A is a positive integer, denote by fijq the group scheme of 
A-th roots of unity. We set fiN = /x^(Q) and (n ■= exp(^). 

If 0 —>• is a continuous character of conductor g", define the Gauss sum 

«G(Z/9"Z)x 

By definition, g(l) = 1 for the trivial character 1. If F is a finite extension of Qg and tt is an irreducible 
representation of GL„(F) {n = 1,2), we let 

e(s, tt) := £{s, tt, o Trp./Q_^) 

be the local e-factor attached to the additive character ifq o Tip/Q^ (see |Sch021 Section 1.1] for the 
definition and basic properties). If y : Qg —>■ is a character of conductor g", then we have 

(1-1) e(s,y) = fl(y"^)•y(-g”)(?"’"^ e(s,y)e(l - s,y"^) = y(-l). 
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If L is a number field or a local field, we denote by Gl the absolute Galois group of L and by Gl 
the ring of integers of L. 

2. Modular curves and CM points 

2.1. Igusa schemes and modular curves. Let > 3 be an integer prime to p, and let Ig(lV)/Z(p) 
be the Igusa scheme over Z(p), which is the moduli space parameterizing elliptic curves with Ti{Np°°)- 
level structure. More precisely, for each locally noetherian scheme S over lg{N){S) is the set 
of isomorphism classes of pairs {A,rj) consisting of an elliptic curve A over S and a ri(A^p°°)-level 
structure p = © /.tpoc. © A[p°°], an immersion as group schemes over S. For a 

non-negative integer n, let Yi{Np^)/Q be the usual open modular curve of level ri{Np^). Put 

C/i(iVp") = G GL 2 (Z) \g = (I (mod iVp")| , 


C/o(iVp") = G GL 2 (Z) I g = (mod iVp")| . 

Letting HI be the complex upper half-plane, the curve Yi(Np^) admits the complex uniformization 
ri(iVp”)(C) = GL2(Q)+\H X GL2(Q)/t/i(iVp"), 

where GL 2 (Q)''' is the subgroup of GL 2 (Q) with positive determinants. Since the generic fiber Ig(iV )/q 
is given by 

Ig(^)/Q = lmyi(^P")/Q. 

n 

this yields a map 

H X GL2(Q) -)> Ig(lV)(C), X = (Tx,gx) [{A^.t]^)]. 

We now give an explicit construction of pairs {Ax, rjx) of complex elliptic curves with ri(fVp°°)-level 
structure. Let V = Qei © Qe 2 be the two-dimensional Q-vector space equipped with the symplectic 
pairing 

(aei + be2, cei + de2) = ad — be, 

and let GL 2 (Q) act on V from the right via 

^ = {xa + cy)ei + {xb + yd)e2- 

For T G H, define the map Pi- : P —>■ C by 

PT-(aei + 662) = ar + b. 

Then Pt- induces an isomorphism Vr := R©q P ~ C. Let L be the standard lattice Zei © Ze 2 , and 
G GL 2 (Q) define the Z-lattice c P by 





The C-pair {Ax,rix) attached to x = {Tx,gx) G HI x GL 2 (Q) is then given by 

Ax = C/Z/j;, Lx '■= PTa,(Lg„,), 

and the Fi(A^p“)-level structure px = {p^\px,p) is given by the immersions 

m N-^Z/Z<S>L^, Cn ^ "Prjj/N <S>e2g'J, 

'nx,p' ^pf^p ^ I—)■ Pr^iJ/P 

Here we have used the identification Q/Z ©z Wx = Q/Z ©z Lga,- The lattice c C is called 
the period lattice of Ax attached to the standard differential form dw, with w the standard complex 
coordinate of C. 
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2.2. Modular forms. We briefly recall the definitions and standard facts about geometric and p-adic 
modular forms. The basic references are [Kat73j . |Kat78| and |Hid04j . 

Geometric modular forms. 

Definition 2.1. Let k be an integer, and let B be a Z(p)-algebra. A geometric modular form / of 
weight k on Ig(fV) defined over S is a rule assigning to every triple (A, ry, oj)jc over a il-algebra C, 
consisting of a point [(A, ry)] G Ig(fV)(C') and a basis w of i7°(A,a;^/p) over C, a value /(A,7y,w) G C 
such that the following conditions are satisfied: 

(Gl) /(A, 7y, w) = /(A', i, u)') G C if (A, rj, uj) ~ (A', ry', uj') over C. 

(G2) If (ys : C —>■ C" is any S-algebra homomorphism, then 

/((A V, w) C') = p(/(A, 7y, uj)). 

(G3) f(A,r],tuj) = f{A,r],uj) for all t G . 

(G4) Letting (Tate((y), ?ycan, Wcan) be the Tate elliptic curve Gmlo^ with the canonical level structure 
^can and the canonical differential cd^an over the value y*(Tate(fy),/yean; Wean) lies in B|q|. 

We call 

/(Tate(q) 

; ^can: ^can ) e BM 

the algebraic Fourier expansion of /. 

If / is a geometric modular form of weight k defined over a subring O C C, then / gives rise to a 
holomorphic function f : Hx GL 2 (Q) —C by the rule 

f(a;) = f{Ax, Tjx, 2Tridw), a: G H x GL 2 (Q), 

where w is the standard complex coordinate of A^ = C/L^. This function f satisfies the transformation 
rule: 

{{aT,ag) = (det J(a, r)'' • f{T,g) {a G GL 2 (Q)+), 
where J : GL 2 (R)''" x HI —C is the automorphy factor defined by 

J{ 9 :t) = {detg)-i ■ {cT+ d) io = ^^)- 

Moreover, the function f(—, 1) : HI —>■ C is a classical elliptic modular form of weight k with analytic 
Fourier expansion 

n>0 

and we have the equality between algebraic and analytic Fourier expansions {cf. |Kat78[ §1.7]) 

/(Tate(g),?ycan,Wcan) = '^S.r,{f)q^ G Olq}. 

n>0 

We say that / is of level ro(iVp") if f(r, pu) = f(T, ty) for all u G Uo{Np'^). 

p-adic modular forms. Let i? be a p-adic ring, and let lg{N)/ji := lin^ ^^^ Ig(A^) /r/t>"'R be the formal 
completion of Ig(A^) /r. Define the space Vp{N, R) of p-adic modular forms of level N by 

Vp{N,R) := 

= \)mH°{lg{N),Oi^(f^) ®R/p^R). 

m 

Thus elements in Vp{N, R) are formal functions on the Igusa tower Ig(A^). We say that a p-adic modular 
form / is of weight A: G Zp if for every u G Zp , we have 

(2A) /(A,?y) = u"'=/(A,p(P),?ypu), [(A,?y)] = [(A,?y(P),7yp)] G Ig(iV)/«. 

If / is a geometric modular form defined over R, then we can associate to / a p-adic modular form 
/, called the p-adic avatar of /, as follows. Let G be a complete local i?-algebra, and let (A, rj) be 
an elliptic curve with Fi(A^p°“)-level structure. The p°°-level structure Pp : pUp^ A[p°°\ induces an 
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isomorphism rjp : Gm — -A (here A is the formal group of A), which in turn gives rise to a differential 
a)(? 7 p) G Lie(A) = Lie(A) ~ Lie(Gm) = C. Then / is the p-adic modular form defined by the rule 

/(A V) = f{A V. w(pp)), [{A, T])] e Ig(iV)/fl 

(c/- [Kat781 (1.10.15)]). It follows from the definition that if / is a geometric modular form of weight 
k and level ro(A^p"), then / is a p-adic modular form of weight k. 

2.3. CM points (I). Let K be an imaginary quadratic field of discriminant —Dk < 0, and denote by 
z 1 -^ z the complex conjugation on C, which gives the non-trivial automorphism of K. In this section, 
we assume that p > 2 is a prime split in Ok and write 

pOk = PP, 

where p is the prime ideal above p determined by the embedding Q ^ Cp. 

Define d G K hy 

D' + = 

2 ’ \dkI 2 ii2\DK. 

Then Ok = Z + Z'd and dd is a local uniformizer of for q ramified in K. If M is a positive integer, 
we decompose M = M+M“, with the prime factors of M+ (resp. M~) split (resp. inert or ramified) 
in K. For each prime q = qq split in K, we write 

Zq (8)z Ok = ZgC-q © ZqCq, 

where eq and e-q are the idempotents in Zq ©z Ok corresponding to q and q, respectively. 

We assume that NOk = ^91 for some ideal 111 of Ok- Let c be a positive integer, let Oc '■= Z + cOk 
be the order of conductor c, and let Kc be the ring class field of K of conductor c. Let a be a fractional 
ideal of Oc, and let a G with aK DOc = a. To the ideal a and the finite idele a, we associate a 
C-pair {Aa,r]a) of complex CM elliptic curves with Ti(7Vp°°)-level structure as follows. Define Aq to 
be the complex elliptic curve C/a“^. For each prime q \ pN, let q be the prime of Ok above q with 
q I Dip, and let Uq G Q, be the q-component of a. We then have {Zq ©z n~^) H QqCq = Zqa~^ceq and 
the exact sequence 

-4a[q“] = Mqoo © a"^ceq -A Aa[q°°] Qq/Zq © O^^Cq, 

and we define pa = (pi^^, Pa,p) '■ Mat © Mp“ ^ © ^a[p°°] ^ ^a[-^] © Aa[p°°] to be the embedding 

determined by the isomorphism —>■ A(i[q"] sending 

j/q” © if q \ N+p, 

iiq\N-. 

Denote by V the valuation ring i-~^{Ocp) © It follows from the theory of complex multiplication 
|Shi981 18.6, 21.1] combined with the criterion of Serre-Tate |ST68] that {Aa,Pa) actually descends to 
a discrete valuation ring Vo inside V. Thus [(Ap, pa)] is defined over Vo and belongs to Ig(A^)(Vo). We 
call [(An,? 7 a)] G Ig(iV)(V) the CM point attached to (a, a). 

If a is a prime-to-iTIp integral ideal of Oc, we write (A^, pa) for the triple {Aq, Pa) with q-component 
Oq = 1 for every q | Dip. If a = Oc, we write {Ac,pc) for {Aop,pOc)- In this case, we see immediately 
from the construction that Aq = Ac/Ac[a] and the isogeny An : Ac —>■ Aq induced by the quotient map 
C/Oc C/a“^ yields pq = XqO pc. 

2.4. CM points (II). We give an explicit complex uniformization of the CM points introduced above. 
Consider the embedding K ^ M 2 (Q) given by 

\ a 0 

Foreach g G GL 2 (Q), denote by [(i?,^)] the image of (d,p) in ^m ^^ Yi(iVp”)(C) = Ig(iV)(C). Shimura’s 
reciprocity law for CM points (c/. [Hid041 Cor. 4.20]) implies that [(i?,g)] G Ig(A^)(iG®''^) and 

(2.2) rec/c(a)[(d, 5 )] = [(d,%)] (a G K^), 

where rec/c: K^\K^ —>■ Ga\{K^^/K) is the geometrically normalized reciprocity law map. 













HEEGNER CYCLES AND p-adic L-FUNCTIONS 


7 


Let Co = Co Co be a positive integer prime to p and fix a decomposition C^Ok = CC. Define 

= (??) e GL 2 (Q) by Cg = l) ^ c+N+p, and 

•iq ={'& - 'd)“^ G GL 2 (iGq) = GL 2 (Qg) if g = qq with q | CDdp. 

Let c = Cop" with n > 0. We define 7 c = rig 7c.g G GL 2 (Q) by 7c,g = 1 if q f 

/ ord,(c) jX 

7c,g = ( Q ^ 1 if q = qq with q I Cinp, 

7c, 9 = ^ord,(c)-ord,(A)^ if 9 I C N . 

Let ^c := 9*'°°^7c G GL 2 (Q) be the product. An elementary computation shows that Oc = Pij(Lj,,) and 
that for 9 = qq with q | GTTIp, we have 

(2.3) ^g = (acq+6eg)cg (a,&GQ^), 

and 

(2.4) : Zgei © Zge 2 ~ Zg ®z a, p4e2e;g) = 
so we have [(i?,Cc)] = [(^c,9c)]- Define 

Xc := Pc,7c)] = [(i5,^c)]Glg(iV)(C). 

In general, if a G and a = aOc fl AT is a fractional ideal of Oc, we let 

CTg := recx(a“^)|gf,,(poo) G Gal(A:c(p°°)/A:), 

where Kc{p°^) is the compositum of Kc and the ray class field of K of conductor p°“. Thus is the 
image of a under the classical Artin map. We have 

(2.5) Xg := [(A„, 7,)] = [(^?, a-^^c)] = G Ig(fV)(Kc(p“)). 

Here the first equality can be verified by noting that the main involution induces the complex conju¬ 
gation on and using (12.3|) , and the second equality follows from Shimura’s reciprocity law for CM 
points (1^ . 

2.5. CM periods. Let Q“ be the p-adic completion of the maximal unramified extension Q“ of Qp, 
and let W be the ring of integers of Q”. If a is a prime-to-pTt fractional ideal of Oc with p f c, then 
(^a,i7a) has a model defined over := W n In the sequel, we shall still denote this model by 
{Aa,r]a) and simply write A for Aoj^- 

Fix a Neron differential oja of A over V“‘'. There exists a unique prime-to-p isogeny Ag : Ag —>■ A 
inducing the identity map on both the complex Lie algebras C = LieAo(C) —>■ C = LieA(C) via 
the complex uniformizations and on the p-divisible groups /Xpcx, = Ag[p°“] —)• Ppoo = A[p°°] via the 
level structures at p. Letting '■= be the pull-back of oja, we see that there exists a pair 

(Dif, Dp) G X such that 

Q.K ■ 2TTidw = Dp • Q{ria,p) = uja^, 

where w is the standard complex coordinate of C/a“^ = Ag(C). The pair (Dif,Dp) are called the 
complex and p-adic periods of K. Note that the ratio VLk/^p does not depend on the choice of Neron 
differential oja- 


3. Anticyclotomic p-adic L-functions 

In this section, we review the anticyclotomic p-adic L-functions that were originally constructed in 
[Brail] , [BDPI3] and [HsiI4] from various points of view. Our purpose is to extend their interpolation 
formulae to include p-ramified characters and to prove the nonvanishing of these p-adic L-functions, so 
we find it more convenient to adopt the approach of [Brail] . based on the use of Serre-Tate coordinates. 
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3.1. t-expansion of p-adic modular forms. Let x = [(Aq, r?)] be a point in the Igusa tower Ig(iV)(Fp) 
and let S'x ^ Ig(iV)/yy be the local deformation space of x over W. The p°°-level structure r]p deter¬ 
mines a point Px G where Aq is the dual abelian variety of Aq and Tp{A\^) = lim Aq[p"](Fp) 

is the p-adic Tate module of Aq. Let Acan: be the canonical principal polarization. 

For each deformation A/h over a local Artinian ring (P, m_R), let g_ 4 : Tp(Ao) x Tp^A^) —>■ 1 -|- m_R 
be the Serre-Tate bilinear form attached to Ajji (see [KatSlj L The canonical Serre-Tate coordinate 
t: Sx ^ Gm is defined by 

t{A) := (ZA(Acan(^x), Tx) 


and yields an identification =W\t— 1]. 

Let / £ Vp{N, W) be a p-adic modular form over W. The t-expansion f{t) of / around x is defined 
by 

fit) = f\g^€Wlt-ll 

and we let d/ be the p-adic measure on Zp such that 


[ t^df{x) = m. 

JZp 

Moreover, if </): Zp —^ Ocp is any continuous function, we define / 0 ^(t) £ Ocp ft — 1| by 

/ 0 (t){t) = j (l){x)t^df = X! / (n) 

\'V 


Lemma 3.1, If (j ): —>■ then 

u^Zjp^Z 


If (j) : Zp Zp is z ^ , then 


f ® Ht) 



(/)■ 


Proof. This is well-known. For example, see |Hid931 §3.5 (5)]. 


□ 


3.2. Serre-Tate coordinates of CM points. Suppose that c is a positive integer with p-j" c. Let a 
be a prime-to-cfTlp integral ideal of Oc, and let a £ be such that a = aOcC\K. Define N(a) by 

N(a) := degree of the Q-isogeny C/Ok —t C/a“^ 

= c-i#(e>c/a) = c"i . 

Let Xa = [(Aa,?7o)] £ Ig(A^)(V) be the CM point attached to a and let t be the canonical Serre-Tate 
coordinate of x„ := Xp 0v We will use the following notation: for each z G Qp, set 

(3.1) n{z) := £ GL 2 (Qp) C GL 2 (Q). 

Put 

Xa * n{z) := [(i?,a"^^cn(z))] £ lg(A^)(V). 

Lemma 3.2. Let u £ Zp. IFe have (xa * n(up“”)) 0 Fp = Xo, and 

t{xa * n(np-)) = 

Proof. Let (M, r7^)/Vo be a model of the CM elliptic curve (Aa,?7a) over a discrete valuation ring 
Vo C V. Let A = Vl0Fp. Recall that Cp and e-p are idempotents in K®qK ^ Qp^SiqK corresponding 
to p and p respectively. In fact 

V0l-l0i? V01-101? 

so we have 

(3-2) P^(eiCp) = ep, p^(e2Cp) = Cp. 
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The complex uniformization a: (C/a ^,T]a) — (~^,'> 7 a)/c yields the identifications 

a: ZpCp © ZpCp = Zp ©z — 'TpiA) 


and 

a:/Xpoo © ZpCp ~ yl[p“], a: ZpCp ~ Tp(yl). 

Here A is the formal group attached to Aj^^. Let : Tp{A) x Tp{A^) —?> Zp be the Weil pairing. Let 
Xs '■ A ^ A^ be the prime-to-p polarization induced by the Riemann form (z, = (Im-d)”^ Im(zI(J) 

on C/a~^. The complex uniformization a* = a o : C —>• Al*(C) induces a*: C/N(a)a~^ ~ Al*(C) 
and a* : ZpCp © ZpCp ~ Tp{A*') with a‘ : ZpCp ~ Tp{Ai). By [MumOSl Theorem 1, page 237] and (13.2p . 
we have 

e_ 4 (aa(ep) + ba{ep), ca‘(ep) + da^{ep)) = —{ad — bc){d — ■d)~^ = —{ad — bc)\/—DK ■ 

(Note the sign —1.) The canonical polarization Acan ; Al ~ Al* is given by a{z) i-A a*(N(a)z). 

Let y be the complex point (d, a“^^cn(up“”)) and let {B,r]B)/Vo be ^ model of {Ay,r]y) over Vq 
( enlarging Vo if necessary), so [{3,7]^)] = [y]- The period lattice Ly of B{C) is given by 

Ly = p^(L'), L' = (Zei © Ze 2 )n(—n V. 

By a direct computation and (13.2L we find that 

_Zip ^ ^ 

Q \ J ^c,p^p) 

= p^{{Zp{ei - ■up“"e2) © Zpe2)^/) 

— Zp(ep up Gp) © ZpCp, 


so the complex uniformization /3: {C/Ly,r]y) ~ {B,r)B)/c induces the identification 

u 

/3: Zp(ep - —ep) © Zpep~ Tp{B). 

With the above preparations, we see that over C there are natural isomorphisms 

Al/Al[p] B/B[p] cz C/a-^p-^ (Pc = P n a) 

induced by the inclusions of Ly and in a~^p~^, which extend uniquely to an isomorphism Al/Al[p] ~ 
B/B^] over Vo f |FC9ni Prop. 2.7]). By construction, Al[p] and S[p] are connected components of Al[p] 
and B[p\, so we get the isomorphism {A,rj^)'^^ ~ {B^rj^Yf, where (—)'^p denotes the conjugate of the 
p-th power Frobenius o-p, and hence (Al, 7]-^} — {B, rf^). This shows that [y] © Fp = Xo. To compute the 
value t{B), we note that = a‘(ep) and that the Weil pairing of Al induces Eb ■ B[p°°] x Tp{A*') —>■ 

so that Eb{/3{p "cp), a*(ep-)) = QI l |Kat811 page 150]). For a sufficiently large integer m, 

we have 


t{B) = g£5(Aean(^’xJ,-PxJ = gB(N(a) ^a(ep),tt*(Cp)) 

= F;B(“p-”a(p-™ep),a*(ep))N(“)-\ 

where “p"^” : Al[p’”](Fp) —^ is the Drinfeld lift map. To compute the lift, from the diagram 


(3.3) 


B'p 


ZpBp 


■ bIp° 


sK/Ly 


■B[p° 


^^pI 'Zip © ZpCp 


Qp/Zp©rp(Al) 


we can see that the p'^-torsion point a(p "*ep) G p ™Zp/Zp©Tp(Al) = Al[p™](Fp) has a lift/3(p ™ep — 
yp-m-Wg^) g B[p°°], so the Drinfeld lift “p’"”a(p“’”ep) is given by l3{—up~'^ep) G B[p°°]. Hence, we 
obtain 

t{B) = F;B(/l(p-"ep),a*(ep))-"N(«)-^ = □ 
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Proposition 3.3. Let f S Vp{N,yV) be a p-adic modular form with t-expansion f{t) around Xa ®Fp. 
Put 

m := 

If n is a positive integer and (f>: ifL/p^'Z)^ —^ ® primitive Dirichlet character, then 

fa®Hxa)=P~"'3{(l>) •/(a;a * n(up"”)). 

«G(Z/p'>Z)x 

Proof. This follows from Lemma O combined with Lemma O □ 

3.3. Anticyclotomic p-adic L-functions. 

Hecke characters and p-adic Galois characters. A Hecke character x ■ called a Hecke 

character of infinity type {m,n) if Xoo{z) = , and is called anticyclotomic if y is trivial on A^. 

For each prime q of Ok, we let Xq: Aq —>• denote the q-component of y, and if y has conductor 
c and a is any fractional ideal prime to c, we write y(o) for y(a), where a is an idele with oOk^IK = a 
and Oq = 1 for all q | c. 

Definition 3.4. The p-adic avatar y : K^\K^ —>■ of a Hecke character y of infinity type {m,n) 

is defined by 

y(z) = ZpOf-i(y(z))z™z^ 

for zG K^. 

Via the reciprocity law map recx, each p-adic Galois character p: Gk ■= Gal(Q/A) —will be 
implicitly regarded as a p-adic character p: K^\K^ —^ . We say that a p-adic Galois character 

p is locally algebraic if p = pA is the p-adic avatar of some Hecke character pA. A locally algebraic 
character p is called of infinity type (m, n) if the associated Hecke character pA is of infinity type 
(m, n), and the conductor of p is defined to be the conductor of pA- Note that if pA is unramified at p 
and of infinity type (m, n), then p is crystalline at p as p|Gffp is an unramified twist of the m-th power 
of the p-adic cyclotomic character. 

Modular forms. In the remainder of this article, we fix / G Sf™(rQ{N)) to be an elliptic newform (i.e. 
normalized eigenform for all Hecke operators) of weight 2r and level Nf \ N. Let 

fin) = '^a„{f)q^ 

n>0 

be the g-expansion of / at the infinity cusp. Let F be a finite extension of Qp containing the Hecke 
field of /, i.e. the field generated by {a„(/)}^ over Q. Let p/ be the automorphic form attached to 
/, i.e. iff : GL 2 (Q)\ GL 2 (A) —>• C is the function satisfying 

PfigooU) = J(poo,*)“^’'/(Poo*), for Poo e GL2(R)+,U G Ui{Nf), 

and let tt = be the irreducible cuspidal automorphic representation on GL 2 (A) generated by p/. 
Note that tt has trivial central character. Define the automorphic form pj by 

(3-4) p/(p) = p/(p) - ap(/)p->/(p7p) -bp-V/(57p), 

where jp = ^ ^ GL 2 (Qp) GL 2 (Q). Define the complex function f ^: HI x GL 2 (Q) —>■ C by 

_ = </’/((5oo,P/))J(5ooD)^’'|detp/|^ , 

(3.5) 

(Poo e GL2(R) + , Poo* = t) . 

Then there is a unique geometric modular form f^ of weight 2r and level ro(fVp^) defined over Op 
such that: 

• f'°{Ax,Px,2.T:idw) = f''(a:) for x G H x GL 2 (Q), 

• with Fourier expansion 

/^(Tate(p),Pcan,Wcan) = ^a„(/)p". 

p\n 
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The p-adic avatar /*' G Vp{N,Of) of introduced in 92.21 is a p-adic modular form of weight 2r. 

Explicit Waldspurger formula. We recall a result on the explicit calculation of toric period integrals in 
[Hsil4) . Let c = Cop" with p] Co and n > 0. Put 

PicOc := K^\K^/df. 

If a G and a = aKr\Oc is the corresponding fractional ideal of Oc, we shall write [a] = [o] 

for its class in PicOc- Let —>■ be an anticyclotomic Hecke character, and set 

A{x) = {primes q \ Dk such that Xq is unramified and q \ Nf.} . 

We assume the following Heegner hypothesis: 

(Heeg’) NJ is a square-free product of primes ramified in iG, 

and that (/, x) satisfies the condition 

(ST) aq(/)x(q) =-1 for every g G A(x) (qO/f = q^). 

Definition 3.5. Define the x-toric period by 

Pxif'')-= V5/((^oo,aCc))x(a) (Coo := 

[ajePic Oc 

= {cliady- f^(d,aCc) • xMiK(“) (by (EH))- 

[ajePicOc 

Let ttk be the automorphic representation of GL 2 (Aif) obtained by the base change of tt to K, and 
let L(s,t:k ® x) be the automorphic L-function on GL 2 (A/f) attached to fk twisted by x o det[3- If 
X has infinity type (r -1- m, —r — m) with m > 0, define the algebraic central value ttk G x) by 

TT^ « yf = r(2r + m)r(m + l) _ ^(j^^Gx) 

^ ^4(r+m) ’ 

and the p-adic multiplier Cp (/, x) by 

(1 - ap(/)p-’'xp(p) + Xp(p^)p”^)^ if P { c, 
e(ixp)”^ ifp|c. 

Proposition 3.6. Suppose that 

(a) X has infinity type {r,—r) and (c, A+) = 1, 

(b) dHeeg’l ) and (ISTIl hold for {f,x)- 

(c) The conductor of x is cOk- 
Then we have 

® X) • ep(/,x) • e{\,xpf ■ ■ cllmdr ■ X-\^)e{f), 

where uk '■= ff{Ofy)/2 and e{f) := nq^( ^jTTq) is the global root number of f. 

Proof. We will follow the notations in [Hsil4| . Let = W^pY\.v=^p^x,v'- GL 2 (A) —C be the 
Whittaker function defined in |Hsil41 §3.6], and let GL 2 (Q)\ GL 2 (A) —C be the associated 
automorphic form given by 

;)»)■ 

aGQ ^ ^ 

Let C = (coo,?^°°^) e GL 2 (A) with as in 92.41 and define the toric period integral 

P^(7r(<r)px) = / Txii‘i)x{t)dt, 

JrtxaxvaJ 

^See l,Tac72l Thm. 20.6] for the existence of the quadratic base change, and I.TLTOI §11] for the definition of L-functions 
on GL(2). 



Im d Re d\ 
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where dt is the Tamagawa measure on A^/A^. Under the assumption (b), the explicit Waldspurger 
formula in |Hsil41 Theorem 3.14] implies that 

(3.6) = \Dk\~^ ■ ■ ^pU,x)- L{-,ttk®x) ■ C'^ix)N(TT,xf, 

where N{tt,x) = Ogle - and C'^{x) is the constant 

c;(x) = • n 

qlCai.q^p 

q|91 q|£.q#P 


In the last equality, we used the formulae 


e(s, TTq ® Xq) = e(s, TTq 0 Xq 


£{s,TPq)Xq 

e(l - S,Xq)"^ 


On the other hand, under assumption (a) one can verify that 


ifg| A+, 
if g I c. 


E 


</5/(5(^00 , <c))x(m) = (/ 5x(5c0 ■ n^^Xq ■ C 

q|l£ 


11(1 + 1 / 9 ) 

q\c- 


by comparing the Whittaker functions of the automorphic forms and on both sides, where 
c = (cq)c| S is the idele with Cq = if q | £ and Cq = 1 if g f £. From this equation, we 

obtain 

2 


x/UkUk 


E xi.a)<fx(ax,) 


[ajePicOx 


2A(7r,x) 

z-x/DrUk 


■n 0 (Xq^) E X(ac ^) ^ ip){^^,au^c)x{u) 


q|C 


[aJePic Ok 


HgoIS/o' 


“ 7 ^=^ ■n 0 (Xq^) ^Xq^( 9 ”+'') ■ E ‘/ 5 /(^oo,a<c)x(M). 

q|C [a]GPicOc 


We thus find 
(3.7) 


p,(40^,) = • Y[<^,x,)-^ ■ Pxih- 

q\€ 


It is clear that the theorem follows from dim and (1X71) . 


□ 


Analytic construction of the p-adic L-function. Let Kp^o = UnKp^ be the ring class field of conductor 
p°°, and let F := Gal(Apcxj/A). Then the Galois group of the anticyclotomic Zp-extension is the 
maximal free quotient of F. Denote by C(F, Ocp) the space of continuous Ocp-valued functions on F, 
and let Xp=o c C(F,Ocp) be the set of locally algebraic p-adic characters p : F —>• 

Let recp : Qp = Kp —>• Gal(A®'’^/A) —>• F be the local reciprocity law map. For p G Xpoo, we define 
Pp : Qp^ ^ Cp" by 

Pp(/3) = p(recp(/3)), 

and for p G C(f,C>Cp), we define p|[a] : Z^ -)> C>Cp by 

p|[a](a;) = p(reCp(x)CT“^) = p{ieCp{x)iecK{a)). 

For each a G with associated fractional ideal a C Oc„, let (Ao, pa) be the GM elliptic curve 

with level structure introduced in (12.31 Let G be the canonical Serre-Tate coordinate of /'' around 
Xa = [(A„, Pa)] Gw Fp, and set 

hta) ■■= G Wit - 11 (N(a) = \a\l^^ c-i). 


(3.8) 
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Definition 3.7 (Analytic anticyclotomic p-adic L-functions). Let ip be an anticyclotomic Hecke char¬ 
acter of infinity type (r, —r), and let CqOk be the prime-to-p part of the conductor of ip. Define the 
p-adic measure on F by 

^P.V'{/)(P) = (g)i/>pp|[o]) (A„,77a). 

[a]GPicOc„ 

We shall also view jSfp_^(/) as an element in the semi-local ring VV|r]. 


The p-adic measure .ifp_^(/) satisfies the following interpolation formula at characters of infinity 
type (to, —to) with to > 0. In what follows, we assume (Heeg ]]), (ISTI) for {f,ip) and that {co,pN~^) = 1. 

Proposition 3.8. If (p £ Xpcx, is the p-adic avatar of a Hecke character (p of infinity type (to, —to) 
with TO > 0 and p-power conductor, then 

{® 1 p 4 >) ■ ep(/, p^(p) ■ </>(^”^) ■ 2 #^(’^)+ 3 co£(/) • u\y/D^. 

p 


It 


Proof. Suppose that to = 0. Then ^ = </> is a finite order character, and y := ip(p is an anticyclo¬ 
tomic Hecke character of infinity type (r, —r). Let cOk be the conductor of x (so c = CoP^). Suppose 
that n > 0. By Definition 13.71 and Proposition 13.31 we have 


(3.9) 


-S^P,*/-(/)('/') = Co 

[ajePicOco 

= P””0(Xp)Co T'{xa*n{up-^))xp{u-^). 

[a]GPicOco u^(Xp/p'^7,p)'^ 


For z S Qp , we use Zp (resp. Zp) to denote the finite idele in with z at p (resp. p) and 1 at all the 
other places. Since f^ is of weight 2r and level ro(A^p^), a direct calculation shows that 

f'ixa * n(up""')) = f‘'(i?,a"^^con(up"")) • ^ 

\Lk 

= ^ {u£ Z;), 

“a 

where {IIk, Xlp) are the periods defined in 112.51 Note that we used (12.31) in the last equation. We thus 
find 




P ”0(Xp)Co 


02 ^^ 


^UpPp”-Co) 

[a]GPicOc„ u^dlp/dl 


P "0(Xp)Co 

njf 


[a]GPicOc 


g(l,Xp)Xp(-l)c’^ 

n'^r 

“a: 


[ajePic Oc 


(by (HU). 


Therefore, according to Definition 13.51 we obtain 


■^P,Af)W 


£(ixp) ^ 


•P^(/')-p-t(Imi?)-F 


The proposition for the case to = 0 and n > 0 now follows from Theorem 13.61 If n = 0, i.e. xp = 1 is 
the trivial character on , then one can use (EU) and the fact that 93 / is a Hecke eigenform to show 
that f^ 0 Xp(2;a) = so (13.91) is still valid, and as above the proposition also follows in this case. 

For general to > 0, comparing the interpolation formulas for .ifpX)(/) and for the p-adic L-function 
.^p{'K,ipi) constructed in |Hsil41 Thm. A] at p-ramified hnite order characters (to = 0), we Hnd that 
■^P.ipif) = u ■ jS?p( 7 r,■!/)) with u = 2 ^"^(’^)+^Coe(/)-\/Di<', and hence the general interpolation formulae 
of .ifp_y,(/) can be deduced from those of .ifp( 7 r,^) in loc.cit.. We omit the details. □ 
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We now prove the nonvanishing of the p-adic L-function 

Theorem 3.9. Suppose {Nf,DK) = 1- For all but finitely many f € Xp<x,, we have ^ 0. 

Proof. Since / has conductor prime to Dk, f can not be a CM form arising from K, and hence 
the f-adic representation pf^i is irreducible when restricted to Gk for every prime £. Therefore, it is 
well-known that there exist infinitely many primes i such that: 

• £ is prime to pNDfc nq|c-(l + 9)’ 

• the residual Galois representation Pf^elcK) absolutely irreducible. 

By |Hsil41 TheoremC], the central L-values ttx C) are non-zero modulo i for all but 

finitely many finite order characters f £ Xp<x,. (Note that the roles of p and i have been switched here.) 
In particular, this implies that does not vanish identically, and hence the theorem follows from 

p-adic Weierstrass preparation theorem. □ 


4. Generalized Heegner cycles 


4.1. Definitions. We continue to let / £ Sf™{TQ{N)) be a newform of weight 2r and level N. We 
assume the (strong) Heegner condition 

(Heeg) TV is a product of primes split in K. 

Thus dHeeg’D and (ISTI) will automatically hold. Let K = CI{\/—Dk) be the imaginary quadratic field 
of discriminant —Dk- If r > 1, we further assume that 

(can) either Dk > 3 is odd, or 8 | Dk- 

This assumption ensures the existence of canonical elliptic curves in the sense of Gross (see |Yan04[ 
Thm. 0.1]). We shall fix a canonical elliptic curve A with CM by Ok, which is characterized by the 
following properties: 

• A is equipped with CM by [•]: Ok — End A. 

• There is a complex uniformization f: CJOk — A(C). 

• A is a Q-curve defined over where = QUIOk)) is the real subfield of the Hilbert 
class field Hk of K. 

• The conductor of A is only divisible by prime factors of Dk- 

For each positive integer c, let := f{c~^Oc/OK) C A be a cyclic subgroup of order c. The elliptic 
curve A/'^c is defined over the real subfield Q(j(Oc)) of the ring class field iVc of conductor c. Let 
Pc'- AjK^ —t AcjKa isogeny given by the natural quotient map. Then A/‘^c is equipped with 

the complex uniformization Ac ~ OjOc such that pc'- OJOk OjOc is given by 2 i—>■ cz. Thus we 
see that the elliptic curve Ac introduced in ll2.3l descends to the elliptic curve Aj^c, still denoted by 
Ac in the sequel. 

For any ideal a of Oc, in this section we always assume that aOK is prime to cDkP^- Let a be 
an ideal of Oc and recall that (Ja G Ga\{K°/K) is the image of a under the Artin map, where iV“ is 
the maximal abelian a-ramified extension of K. Then, by the main theorem of complex multiplication 
(cf- |dS87[ Prop. 1.5, p.42]), we have Aa = A^"* and the isogeny Aa : Ac —>■ A„ in H2.3l is actually defined 
over Kc and characterized by the rule 

(4.1) Aa(a::) = (Ja{x) for all x £ A[m], (TO,N(a)) = 1. 


Define the isogeny 


and let Ln be the graph 


® • Ajk^ ^ Ap ^Kc, 

La = {pa{z),z) I Z £ A} C AoXA. 


Let Xa = [(An, 77o)] £ Yi(TV)(Arc) be the CM point associated to a as in the last paragraph of 92.31 and 
let Si/ be the universal elliptic curve over yi(A^). Then Xa determines an embedding : An —>■ ^, 
and we define 


= (*x„xid)(ra) = {{ia;AFaiz)),z) | Z £ A} C £/xA. 
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Denote by W 2 r -2 the Kuga-Sato variety of dimension 2r — 1 (c/. [BDP131 p.l056]). Following |BDP131 
p.l063], define the cycle To in the generalized Kuga-Sato variety X 2 r -2 ■= W 2 r -2 x by 

To = yl^-^ C (*.„(Ao) X ^ X2r-2. 

Let €x = iw ^ £A, with ew G Z[Aut(lF 2 r- 2 )] and ea S Z[Aut(A^’’“^)] the idempotents defined in 
[BDP131 (2.1.2), (1.4.4)]. The following definition is given in |BDP131 p.l063]. 

Definition 4.1. The generalized Heegner cycle associated to the isogeny is 

:= ex [To] e CYe^-\X2r-2/K,\ci- 

4.2. Generalized Heegner classes (I). Let p be a prime with p f 2(2r — l)!A^(/j(A^). Let F be a finite 
extension of Qp containing the Hecke field of /. Let Vf be the two-dimensional p-adic representation of 
Gq over F attached to the newform / by Deligne, and denote by V/(r) the Tate twist Vf ® e^y^, where 
Ecyc is the p-adic cyclotomic character. Following |BDP131 §3.1], we consider the p-adic Abel-Jacobi 
map 

: CH2’-1(X2._2/Ko)o ^ Fi(Ko,exF|[-3(A2._2/Q,Zp)(2r- 1)) 

^ H\K,ewff^’-^(W2r-2/Q,Zp)(r))0Sym^^-^Hl(A/^,Zp)(r-l)) 

where T is the Galois stable Gp’-lattice in Vf(r) in |Nek921 §3], and S'’'“^(A) is the G//j^-module 

S’-^A) :=Syin^’'-^Tp(A)(l-r) 

with Tp{A) the p-adic Tate module of A. For every ideal a of Oc^ define the generalized Heegner class 
Zf^a associated to a by 

(4.2) z/,„ := $et./(A^J G H\K,,T®S''^{A)). 

In the following, we shall simply write Zf^c for zj^Oc- 

4.3. Norm relations. 


Lemma 4.2. If D G (A„ x is a cycle of codimension r — 1 such that D is zero in the Neron- 

Severi group o/NS(Aa x A)^'^~'^, then the p-adic Abel-Jacobi image o/ex(*xo)*(D) in H^{Kc,T 0 
S"’“^(A)) is also trivial. 

Proof. This follows from the fact that the Abel-Jacobi image of ex(Ga)*(D) lies in the image of 
the map 

H\K,,exHt-\A^f^'^ x A^jX\T.p)) ^ H\K,,exH\r\X 2 r -2 
and exH%-\A^I^^ x Zp) =0. □ 

We refer to 94.41 for the definition of the character Ha appearing in the next result. 


Lemma 4.3. Suppose aOx is trivial in PicGx, and let a := ^^(a) G . Then for every ideal b of 
Oc prime to cND, we have 

(idx[a])*A^; = 

Proof. Let cr = CTo G Gal{K°’^/H^K). By definition, A°’ = A and = Ant,. Note that for any 
t G A[to] with (m, N(ab)) = 1, we have a{t) = Xao{t) = [<a](0 and 

tZ o N(i) = = ^{Tcit)) = \a{Tn{t)). 

This implies that (pf o [a] = o Therefore, 

[a] o o [a] = X^opfo [a] = o A„ o = Tab, 

and 

(idx[a])*r^“ = ([o]xid)*r^“ = = r^,. 

The lemma thus follows immediately from = Xab- Gl 
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Let Gn ■= Gal{Kcpr‘/Kcpn-i), which is identified with kerjPicOcp" —>■ PicOcp"-i} via the Artin 
isomorphism. The usual Hecke correspondence Tq associated with a prime q ] N on the Kuga-Sato 
variety lT 2 r -2 (see [Sch90[ §4]) induces the Hecke correspondence Tq x id on the generalized Kuga-Sato 
variety X 2 r -2 = kP 2 r -2 x In what follows, we shall still write Tq for Tq x id if no confusion 

arises. 


Proposition 4.4. Assume that p \ c. If p = pp is split in K, then for all n > 1 we have 

TpZfc.p^-1 = p ■ Zf(.pn-2 + COTk^^„ (Zf^cp’'), 

where Uc = ffiOf), and Up, a-p S Ga\{Kc/K) are the Frobenius elements ofp andp. Moreover, if £ \ c 
is inert in K, then 

TiZf,c=COVK,,/KSzf,ct)- 


Proof. Let C c Ocp^-i be a sublattice of Ocp^-i with index p, and let Ac = C/C. Let ifc ■ Ac —>■ 
be the isogeny induced by £ ^ We have two cases: 

C'ase(i): C is an Ocp"-ideal and the class [£] is trivial in PicOcp^-i, so we can write £ = for 

some integral Ocp^ -ideal a with a = Then we have Ac — Aq and 

o £o = [poi] O Pcpr.-1. 

Denote by T^ the translation map by a torsion point x S AqxA. Then we have 

U I = 'f/c{Ta{y))} 

zGker 'tp£ 

= {{x,y) I 'f/cix) = (pcp,^-l{pay)} 

= {idx[pa])*f}*cro^^,,_^. 

This implies that p ■ Pq and p ■ (idx[a])*i/>£ro^ are equal in the N&on-Severi group NS(AaXA), 
and hence by Lemma 14.21 we have 


Zf.a = {idx[a])*f;lzf^qpn.-i. 

Using Lemmaand the projection formula (idx [Q;])*(idx [o])* = we conclude that 

(4.3) V'£2/.cp—1 = 

Case{n): £ = pOqpn -2 and p is split in K. Then Ac — Aqpn- 2 , and 

if c o Tcp^-‘^ Tcp^~'^- 

Note that 

z^k.eTTpc 

so tpc^o^pr,-! P ' are equal in the N&on-Severi group NS(Acpn -2 x A). By Lemmawe 

have 


(4.4) fj^Zf^cp^ =p^'' ^ ■ Zf^apn-2. 

Choose a set S of representatives of fractional C>cp"-ideals of ker {Pic Ocp" —>■ Pic Ocp"-i}, and let 

S* := {a“^a C Ocp” | a G S, a = Kyi(a)} . 


If p is split, then 

{£ C Oqpr.-^ I [Oqpr.-^ :C]=p}=E*U {pOqpr.-2} , 
and thus by (H31) and (in we see that 


'^P^f.cp"-'^ 'y ( P ' ^f,cp”--^ A 'y ) Z^^^pn. 

creGn. 

[Ocp— 

If I is inert and n = I, then 

{£ C Oc I [Gc :£]=£} = {a“^a C Oc | a ideal of Oce, a = k^(o)} , 
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and hence 

TiZf^c = 

aeGa\{Kat/Ka) 

This completes the proof. □ 

4.4. Generalized Heegner classes (II). Let Co be a positive integer with {co,pN) = 1, and let 
X: Gal(iLcop“/I^) —>■ be a locally algebraic anticyclotomic character of infinity type {j,—j) with 

—r<j<r and conductor CoP^Ok- The aim of this section is to construct classes 2/,x,c S H^{Kc,T®x) 
by taking the corestriction of z/,c for every c divisible by CoP®. However, note that the CM elliptic 
curve A is only defined over the Hilbert class field Hkj so the group Gal(iLc/^^) does not act on 
in general. In order to get a natural Galois action, we consider 


B/x := ReSffj^/xA, 

the abelian variety obtained by restriction of scalars. As is well-known, H is a CM abelian variety over 
K and M := Q 0z Endic H is a product of CM fields over K with dimi? = \M : K] = [Hx '■ K] (see 
|Rub8H Prop. (1.2)]). 

Let I{Dx) be the group of prime-to-Hic fractional ideals of AT, and let 

KA : I{Dx) 

be the CM character associated to B with the following properties {cf. |Rub811 Lemma, p.457]): 

• KA{cia) = ±a • Kyi(a) for all a G with a prime to Dx and a G I{Dx)- 

• For all a G I{Dx) and t G B[m\ with (m,N(a)) = 1, we have 

KA{a){t) = 

and if Ca is trivial on Hx (or equivalently, if a is the norm of an ideal of Hx), then /?A(tt) G 
and CT(i(t) = [KA(a)]^ for all t G A[m]. 

Define the Gx-module 

S'^-\B) := Sym^'-^ Tp{B){l - r) Op Indg^^ ^’-^(A) Op. 

Enlarge F so that M C F, and let ka ■ Gx —>■ Op be the p-adic avatar of ka- By the above properties 
of the CM character we have 

Tp{B) <8 )q,F= 0 PpA, 

p^}iom(M,F) 

where ^KAicr) '■= p{KA{crj). If follows that if is the p-adic character of Gx defined by iF'{a) := 
K(Tcrr“^), where r is the complex conjugation, then {k\/ka)^ has infinity type (j, —j) and is a direct 
summand of S^~^{B) as Gpc-modules. Therefore, there exists a finite order anticyclotomic character 
Xt such that x is realized as a direct summand of S''~^{B) 0 xt as G/f-modules, and let 

(4.5) : 5'’'"^(R) 0 Xt—^x 

be the corresponding G/c-equivariant projection. Note that Xt is unique up to multiplication by a 
character of Gal{Hx/K), and that it has the same conductor as x- In view of the decomposition 

TpiB) = 0 Tp(A^) Indg-^ (T,(A)), 

peGal{HK/K) 

we shall regard the classes Zf^a of (14.211 as elements Zf^a S H^{Kc,T®S^~^{B)) via the natural inclusion 
Tp{A) —7> Tp{B) for c divisible by CoP^ and a an Gc-ideal. 

Proposition 4.5. Let a be an Oc-ideal with {a,cNDx) = 1- Then 

XticTa) ■ (id 0 = xelyc (^a) • (id 0 ex)z/,„. 
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Proof. We write a a = recK^a ^), where a S is such that aOc fl if = a, and let a — Ua € 

Gdi\{Kc/K). One easily verifies that 

(idxAaOK)*A^„ = {(Aa(v3c(2:)), AoOk(^) \ z & A} 

= {(V5c“(^aOK(^)),AaOK(2) \Z&A} 

= 

We have the following fact: 

KA(aOif) = (A^o^)p e 0 Hom(ri^,ri^‘^“) C End(B). 

peGa.l{HK/K) 

This can be checked, for instance, by comparing the action of both sides on the p-adic Tate module of 
B (see Eq. grj). By the above fact, we find that 

Zf^c = ^<5t./(Ac“) = (idxA„o^)*Z/,a = [KAiaOK)]*{zf,a), 

where [Kyi(aOiv')]* denotes the push-forward of K^(aC>if) acting on Sym^’’“^ ^p)- Note that 

\ka{^Ok)]* induces the Galois action tJo on Zp)(~ rp(Pic°q)) and that 

= x(o-)exi 

for every t G S'^^{B) xt = Sym^'’“^ 2p)(^ ~ 1) O Xt by the definition of e^. We thus find 

that 

(id O = e^{[KA{aOK)]*Zf,a) 

= Xi^elyc (o'a) • e^{aa O sl~^^{aa) 0 Xt(o-o) • ^/.a) 

= xi^^lyc (o-a)x(CTa) ■ (id 0 e^)zf,a, 

and the proposition follows. □ 


For each integer c divisible by the conductor of y, put Zf^c®Xt '■= Zf,c G T (§i ^(B) 0 Xt); 

and let be the y-component of the class Zf^c defined by 

(4.6) 2/.x,c := (id0e;,^)(2;/,c0Xt) G H^{Kc,T®x)- 

We finish this section with the proof of two lemmas which will be used in ^ Recall that we have 
fixed a decomposition NOk = ^91- 


Lemma 4.6. Let T be the complex conjugation. Then 

izf,x,cY = Wf ■ y(crai) • {zf^y,-XcY^, 

where Wf G {±1} is the Atkin-Lehner eigenvalue of f. 


Proof. We begin by noting that complex conjugation does indeed act on Zf^c, since the elliptic curve 
A is defined over the real field Let wjy be the Atkin-Lehner involution, and set Tic := Tin Oc- 
We have the relations wnIt^Xc)) = x-^ and = N ■ [Tc] in NS(AcXA) (c/. |Shnl6[ Lemma 20]), 

from which we find that 


(R;Arxid)*A^ = 7V’'-i- a;. 

Combined with Lemma 14.51 the above equation yields the lemma. 


□ 


Lemma 4.7. Let i f cNDx be a prime inert in K. Let X be a prime of Q above I, and let Xd and Ac 
be the primes of Kd and Kc below X. Denote by Kx^g and Kx^ be the completions of Kd and Kc at 
Xd and Ac, respectively. Then 

T:esKx^i^,K\^{\ocx{zf^^^c) ‘) = Ioca^^ (^/,x,c^)) 

where Frob^ G Gal(Q“/Q£) is the Frobenius element of i. 
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Proof. Since x is anticyclotomic and ^ is inert, x is a trivial character of Gkx^ , and hence Frob^ acts 
naturally on 0 x) = The natural isogeny Ac —>■ Act reduces to the Frobenius 

map Frob^ modulo A, so we find that 

(FrobfXl)(Ac) = 'Kct, 

where A? denotes the reduction of A? modulo A. The lemma follows. □ 


4.5. The p-adic Gross Zagier formula of Bertolini Darmon—Prasanna. The purpose of this 
section is to give a mild extension of the p-adic Gross-Zagier formula in |BDP131 Thm. 5.13], which 
relates the Bloch-Kato logarithm of generalized Heegner classes to the values of the p-adic L-function 
at characters outside the range of interpolation. We keep the notation as in M.dl 


Some notation for p-adic representations. Let L be a finite extension of Qp, and let F be a finite 
dimensional F-vector space with a continuous F-linear action of Gl- Recall that DdR,L(F) denotes 
the filtered (L F)-module (BdR 0Qp , where BdR is Fontaine’s ring of p-adic periods. If V 
is a de Rham representation (i.e. dimiDdR,L(F) = dim^F), then there is a canonical isomorphism 
G>dR,E(V) = E -DdR.L(R) for any finite extension EfL. Denote by (, ) the de Rham pairing 


(,):DdR,L(F)xDdR,L(F*(l)) 


F 


where F* = HomF(F, F). Let BcHs C BdR be the crystalline period ring and define Dcris,L(fo) := 
(Bcris GQp F)*^^. Then Dcris,L(F) is an (Fg F)-module equipped with the action of crystalline 
Frobenius $, where Fg is the maximal unramified subfield of F. When F = Qp, we write DdR(F) = 
DdR,Qp(F) and Dcris(fo) = Dcris.Qp(F). If F is a crystalline representation (i.e. dimig Dcris.L(F) = 
dimiT- F), then we have a canonical isomorphism L'Silq Deris, l(F) = DdR,L(F). 

Let Hl{L, F) be the image of the Bloch-Kato exponential map 


expL,y 


_DdR,L(fo)_ 

Fil°DdR,L(F)+Deris.L(F)^=l 


^H\L,V), 


and Hj{L, F) C H^{L, F) be the Bloch-Kato ‘finite’ subspace. If Deris,= 0, then the natural 
inclusion E[l{L,V) C Hj{L,V) is an equality (see for example [BK90[ Cor. 3.8.4]), and we define the 
Bloch-Kato logarithm map 


log := log^ y 


H}{L,V) 


DdR,£(F) 

Fil°DdR,L(F) 


(Fil°DdR,L(F*(l)))^ 


to be the inverse of the Bloch-Kato exponential. We also let exp* be the dual exponential map 


exp* :=exp:^_^ :Ffi(F,F*(l)) ^Fil°DdR,L(F*(l)), 

obtained by dualizing exp^ y with respect to the de Rham and local Tate pairings (c/. |LZ141 §2.4]). 

Recall that we assumed p = pp splits in K, with p induced by the fixed embedding Zp : Q — Cp. If 
F is a finite extension of K, we denote by Ep the completion of E at the prime induced by ip. With a 
slight the abuse of notation, we call Ep the p-adic completion of F, and for any G_E-module F, we let 

locp :H\E,V)-^H\Ep,V) 


denote the localization map. 


Some de Rham cohomology classes. By the work of Scholl [SchQOj , it is known that F/ can be realised 
as a quotient of H^f~^{W2r-2 /q, Qp) GQp F, and we get the composite quotient map 

Hl^-\W2r-2/F) - DdR(F|ri(W2p_2/q,Qp) 0 q^ F) ^ DdR(F/) 

by applying the comparison isomorphism [Tsu99j . Let ujf G E['^^^{W 2 r- 2 /F) be the differential form 
attached to the newform / via the rule in |BDP131 Cor. 2.3], and let w/ G DdR(F/) be the image of 

w/- 

Let F = Hk,p be the p-adic completion of Hk- The Oif-action on A/r gives rises to a canonical de¬ 
composition of the de Rham cohomology group Fjj^(A/F) = H\^{A/L)®H^^{A/L). Recall our fixed 
choice of Neron differential oja S F^]^(A/F), which determines pA G H°^{A/L) by the requirement 
















20 


F. CASTELLA AND M.-L. HSIEH 


that {ijJA, Va) = 1 (c/. |BDP131 page 1051]). We shall view uja, iia as elements in 'DdR,L{Hj^{A Qp)) 
by the comparison isomorphism, and let 

r—1+7 r— 1 —7 / ^ ^ \ 

Ua Va {-r <j <r) 

be the resulting basis for DdR,L(Sym^’’“^iJlj(A^g, Qp )), where u}\ ^^^Va ^ ^ |BDP131 (1.4.6)]. 


p-adic Gross-Zagier formula. Define the generalized Heegner class attached to (/, x) by 

^f,X /K{Zf,x,CoP‘) 

= XI Xi(o-) • (id® ex)+c„p- 
(4.7) o-GGaKiCc^ps/A) 

= X (c^a) ■ (id ® ex)z/,a, 

[a]GPicOcop« 

where CoP'^Ok is the conductor of x- 


Remark 4.8. By [NekOOl Thm. 3.3.1], the classes z/,x,c from ^4.41 lie in the Bloch-Kato Selmer group 
Sel(iXc,P ® x) ® H^{Kc,T (g) x); in particular, loCp(z/,a) € Hj{Kc,p,T (g) S'’'“^(+) and loCp( 2 :/,;^) G 

H}iK„T0x)- 


Theorem 4.9. Suppose p — pp splits in K. Let if be an anticyclotomic Hecke character of infinity type 
(r, —r) and conductor CqOk with (co,Np) = 1. If 4> G Xpoo is the p-adic avatar of an anticyclotomic 
Hecke character of infinity type (r + j, —j — r) with —r < j < r and conductor p^Ox with n > 1, then 


■^p>(/)((/> ^) _ fl(+ )+(p")Co (+) 


(logp(^/.x),w/®a;]4 ^ ^), 


n 


-21 


(r - 1 + j)! 


where x'■= f’ <^nd logp logolocp. 


Proof. Let ta be the Serre-Tate coordinate of := [(An,?;^)] ® Fp. Since the Fourier coefficients 
a„(/'’) of /'’ vanish for n divisible by p, we have 


Up?it) := X/'(^C)=0. 


This implies that the associated measure d? is supported on , and hence by Lemma 13.11 that 
(/S®+ + +a]) (t„) = (()(CT„)N(a)’'+'^ • (9-^-^^? ® ■0p(/)|C^) {ta), 
where 9 is the operator acting on Os as ta-^. Put £ := ih~^(h. By Proposition 13.31 we thus find that 

^p.V-(/)(+^) = X V’(n)N(a)"’'• (Xc) 

[ajePic Oco 

= X r\a)nay-[ 9 ^-^?(i^f?)ixa) 

[a]GPicOe„ 

= P”"fl(+^)' X +^(ci)N(a)^- X d~^~‘'?ixa*n{up~'^))fp{u). 

[a]GPicOc„ u&{Z/p^Z)x 


Since 9 ^ is a p-adic modular form of weight —2j, we deduce from (ED tjO^Gtll6r 
9~^~’'?{xa * n('up“”)) = 0“^“’'/’’(recK(a“+pp“”)xc„pn)u^L 

From the relations 


X(recic(a)) = ^{lecxia)) = ^(0)0^0^-^ 


£cyc(n) — IqIak, 


£^cyc(^^pPp) — U, 
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XsiyciiecKia)) ■ 9 ^ ’■/’'(recif(a)a;c„pn)xp(p”) 


it follows that 

-^Pfo(/)(r')=p-”0(ep-')c-^- E -eye 

[a]GPic(Ocopn) 

aeGa.l{K^^prt/K) 


(4.8) 

On the other hand, if cr = cr„ with a G and a = aO^^pn O K, then 

O-^-^T’ixlp.) = 9-^-^f^{Xa) = 9-^-’-f\x,,u}iVa,p)), 

where u}{r]a.p) is the differential form induced from the p°°-level structure ria,p defined in 92.31 For the 
isogeny tpa : A ^ A^, one can verify that deg</Jo = CoP'^ I®Iak 

Q 

^l(.^iVa,p)) = Co ■ i^{POK,p) = 

Thus following the calculations in Proposition 3.24, Lemma 3.23, and Lemma 3.22 of [BDP13] . we see 
that 

(coP”|a|E 


(4.9) e -^-^ f ’ ixip .) = 


(ri+j)! \a 


2i 




where 


4.C •= ■ Zf,, 


Substituting (15.61) into (14.81) . and using that (f) has the exact conductor p" (n > 1) and V'p is unramified, 
we conclude that 

2j — 1 + iV ^ X^cyc\C^a) U°gpO/,aJ> ® 9a / 

P ^ aGGal(if,„pn/iC) 


0(^p^)«<>p(p")Co >P^(P") i-r, ^ ^ ^ r-1+3 

-^- (P_l + ,)l - E Xecyc('^a)-(logp(z/,a)),W/Ow^ ^Va ) 

^ [ajGPicOc 

0(^^^)^P(P")CO~>^^(P") 


(logp(2/,x),W/Ow(4 ^ ^) 


(r - 1 + j)! 


as was to be shown. 


□ 


5. Explicit reciprocity law 

5.1. The Perrin-Riou big logarithm. In this section we deduce from the main result of [LZ14] the 
construction of a variant of the Perrin-Riou logarithm map for certain relative height one Lubin-Tate 
extensions. 

For any commutative compact p-adic Lie group G and any complete discretely valued extension 
E of Qp, we let Aoe{G) := lim ^^ Oe\G/Gp"'], Ae{G) := Koe{G) ®Oe 'He(G) be the ring of 

tempered p-adic distributions on G valued in E. If L is a finite extension of Qp and G is the Galois 
group of a p-adic Lie extension of Loo = U„L„ of L with L„/L finite and Galois, we define 

HULoo,V) := (\^W{Ln,T)] Qp, 

V n / 

where T is any Gi-stable lattice in V (this is independent of the choice of T). 

In the following, we let L be a finite unramified extension of Qp with ring of integers Ol, and let 
denote the composite of Q” with a finite extension F of Qp. We also let t G BdR be Fontaine’s p-adic 
analogue of 27rz associated with the compatible system {*p(Cp")}„=i 2 p-power roots of unity. 

Theorem 5.1. Let V be a crystalline F-representation of Gl with non-negative Hodge-Tate weights, 
and assume that V has no quotient isomorphic to the trivial representation. Let ^ be a relative height 
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one Luhin-Tate formal group over and let F := Gal(L(5^poo)/L) ~ = 0, there 

exists a Az^(T)-linear map 

Cv : y) ^ Deris,LiV) 


with the following interpolation property: for any z G V) and any locally algebraic char¬ 

acter X : F —>■ Qp of Hodge-Tate weight j and conductor p'^, we have 


'Cv(z)(x) 


s(x • 


$"P(x-\$) 

P(x,p-I$"i) 


■ logL,y(x-i)(=^^ ^ ifj<0, 

iff > 0, 


where 

• £(x~^) and P{x^,X) are the epsilon-factor and the L-factor for Galois characters x and x^, 
respectively (see |LZ141 §2.8] for the definitions). 

• $ is the crystalline Frobenius operator on Qp (8 )l Dcris,L(l^) acting trivially on the first factor. 

• z^ G H^{L,V{x~^)) the specialisation of z at x~^ ■ 


Proof. Let iFoo c L ■ Qp'^ be a p-adic Lie extension of F containing F™ ■ L{^p^), and set G := 
Gal(iFoo/P)- By |LZ141 Thm. 4.7] there exists a (G)-linear map 


P) ^ Pp„(G) ®L Dcris.L(P) 


satisfying the above interpolation formula for all continuous characters x of G (see [loc.cit., Thm. 4.15]). 
Let J be the kernel of the natural projection HpinriG) -> 77puj(F). The corestriction map 

HliK^,V)/J hUHM, P) 

is injective, and its cokernel is F[(,^{Kao,V)[J'], which vanishes if = Q. Thus quotienting Cy 

by ff we obtain a map 

= ^iK^oo, V)/J Pp„.(F) D„is.L(P) 


with the desired properties. 


□ 


5.2. Iwasawa cohomology classes. Keep the notations from ^4.11 and for any positive integer c, let 
S = Ec be a finite set of places of K containing the primes above pNc. Recall the Heegner classes 
Zf^a S F[^{Kc,T ® 5'’'i(A)) of (14.21) attached to every integral Gc-ideal a. 

In this section we further assume that p = pp splits in K and that the newform / is ordinary at p, 
i.e. the p-th Fourier coefficient ap(/) G Of,. The latter assumption will be crucial to construct, out of 
the classes = ^/.Oepp for varying n, elements in the Iwasawa cohomololy groups 

Hl^{K,p^,T) := lmiJi(Gal(iF^/iFepn),T), 

n 

where is the maximal extension of K unramified outside S. 


Definition 5.2. Let a be the p-adic unit root of — a.p{f)X +p^’' The a-stabilized Heegner class 
Zf.a.a e H^{Kc,T ® is given by 




'^/,a 

i( 


1 - 


■ ^f,aOc/p 


1 - 


p j ■ 


where Uc = ffOf and ap,ap G Gd\{Kc/K) are the Frobenius elements 


Lemma 5.3. For all c > 1, we have 


if p I c, 
if p t c, 

of p and p. 


aOIKp{zf,cp,a) — O! • Zfy^ct- 

Proof. This follows from a straightforward computation using Proposition 14.41 


□ 
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Now let Zj^ 3 denote the image of Zf^a under the natural map 

id(g)e° : HHKc,T (g) S'^-^B)) H^{K^,T), 


where e° = ei is the projection dl^ attached to the trivial character (so x = Xt = !)■ Similarly as 
before, we shall simply write ^ a a- view of Lemma 15.31 the classes a“" • z°j ^ are 

compatible under corestricion, thus defining the Iwasawa cohomology class 

(5.1) := Ima"" • ^ 

n 

For any character x of Ga\{Kcp<^/Kc) we may consider the twist of z/_c,a in H^{Ki.,T 0 x)- The 
next lemma compares the resulting classes, for characters x of finite order, to the classes z/,x,c of 94.41 


Lemma 5.4. Suppose that p\ c. Let x : Gal(iXcp“ /Kfi) —?> be a nontrivial finite order character 

of conductor cp", and let ^ a image of z/_c.a under the x-specialization map 


Then 

Proof. 


2/.c,a = a ” • 

Directly from the definition of Zf^c,a, by [RubOOl Lemma 2.4.3] we see that 
Z/.c.a=«”” 

<TeGal(if„pn/A:„) 


and since x is nontrivial, we may replace 2 ^ ^ by in this equation. By ProDOsition l4.51 Inoting 

that can be taken to be e° with xt = x); the result follows from the definition (14.611 of Zf^^^c- D 


5.3. Explicit reciprocity law for generalized Heegner cycles. We now specialize the local ma¬ 
chinery of 95.11 to the global setting in 95.21 In particular, we assume that p = pp splits in K and that 
the newform / £ S' 2 ™(ro(-N)) is ordinary at p. 

Let Ip be an anticyclotomic Hecke character of infinity type (r, —r) and conductor CqOk with p\ Co- 
Recall that the p-adic avatar '0 is a p-adic character of Gal(Rrcop°° /K) valued in some finite extension 
Qp which by the hypothesis on the conductor is crystalline at the primes above p. Let F be a finite 
extension of Qp containing the Fourier coefficients of / and the values of "0, and let Vf = be the 
Galois representation associated to /. We assume throughout that p j N, so that V/lGq^ is crystalline. 
By p-ordinarity, there is an exact sequence of Gq^-modules 

0 —^ ^+Vf —>Vf —^ ^-Vf —^ 0 

with <^^Vf = F and with the Gg^j-action on being unramified (see |Wil881 Thm. 2.1.4]). Let 

T C Vf{r) be a Gg-stable lattice as in 94.21 and set := ^~^Vf{r) fl T. Let 

F := Fy(r) 

The dual representation V* is Homi;’(F, F) = F/(r — 1) 0 0p. Define 

:= ^^Vf{r)(g)ip-\ — Homi.(.^±F, F). 

We next introduce an element £ Deris,Recall that A is the canonical CM elliptic 
curve over the Hilbert class field Hk fixed in 94.11 Let ka ■ Ghk ^^t Fp (H) = be the character 
describing the Galois action on the p-adic Tate module of A. Thus iL0(Hyq, Qp) = 0 KASfiyc as 

Gijje-modules. Recall that t £ BdR denotes Fontaine’s p-adic analogue of 2Tri and set 

tA •— 

where Hp is the p-adic CM period defined in 92.51 Then tA generates Dcris.F(«;] 4 ^), and according to 
the discussion in [dS871 §11.4.3] we have 

(5.2) 


WA = tA, 


VA = t^^t. 
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On the other hand, note that the character is trivial on the inertia group, and DcEs (V'p(-O) = 

Fuj^ is a one-dimensional .F-vector space with generator uj^. Define the class 

:= OJf O O e Dcris(l^*)- 

With a slight abuse of notation, we shall still denote by its image under the natural projection 
Dcris(j^*) —>■ Deriswhich is nonzero by weak-admissibility i |Fon941 §3.3]). Moreover, since the 
periods of unramified characters lie in F™ := Q”F C Beris, there exists a non-zero element Oy, S F'^'^ 
such that, for all x G Dcris(=^^l^), we have 

(5.3) {*^5 O t 

and the action of the crystalline Frobenius $ is given by 

(5.4) (x, = a"Vp(p) • 

Let Loo/L denote the p-adic completion of Kc^p ^/and let F := Gal(Loo/L). Let hp be the 
order of p in Pic(Oco), write p^*” = (tt) with tt G Oc„. Then L is the unramified extension of 
Qp of degree hp. By local class field theory. Loo is contained in the extension L{^p<x>) obtained by 
adjoining to L the torsion points of the relative height one Lubin-Tate formal group attached to 
the uniformizer tt/tt (see [Shnlfil Prop. 37] for details). Note that the element recp(7r/7r) fixes L(g^poo) 
and acts on by a multiplication by { -^hp which is not 1 by Ramanujan’s conjecture for / 

[Del71] . |Del80] . This implies that = 0, and hence we may consider the big logarithm 

map C^+v of Theorem 15.11 over the extension Lao/L. 

Lemma 5.5. The composition of C^+y with the natural pairing 

(-,0;/.^) :Hp„(r)®D„is(^+4^) x T>oU-^-V*) ^ npp,{T) 
has image contained in the Iwasawa algebra (P). 

Proof. This follows easily from the Frobenius eigenvalue formula (15.411 and |LZ14l Prop. 4.8]. □ 

In what follows, we make the identification Ga^LTcop^/ATco) — P = Gal(Loo/L) via the restriction 
map. Let p : F —>■ be a continuous character, where W is the ring of the integers in F“''. For 

every z G H/^(Kcpp <=^, T), denote by z G p G H/^(Kcpp<=^ ,T ® p) the p-twist of z. By definition, for any 
X : F —>■ , we have 

(z 0 p)^ = z^^ G H^{Kcp,T 0 px). 

As shown in |LZ16l Prop. 2.4.2], there is an isomorphism F[/^{Kcpp<^ ,T) ~ F[^{Kc„,T 0 Ac)j,.(r)). 
Thus letting Pc,, := Gd\{Kcpp°°/K) we may view Zf^co,a as an element in H^{Kcp,h.OpiJ'co)) via 

Hl{Kopp^,T) ~ H\Ko^,Kop{V)) H^KopAopi^cp)), 

and define 

(5.5) z/ ■.= covKpjK{'Z‘f,co,a) ^ H^{K,T ® KopiLc^)). 

Similarly as in 114.51 (see Remark l4.8l) . the Heegner classes z°^ ^ lie in the Bloch-Kato Selmer group 
Sel(iFc,r) C H^{Kc,T); in particular, loCp(z^j,) G F[j{Kc,p,T). On the other hand, by |Nek06l 
Lem. 9.6.3] and [loc.cit., Prop. 12.5.9.2] the Bloch-Kato finite subspace Hj{Kc,p,T) is identified with 
the image of the natural map H^{Kc,p,^~^T) —>• H^{Kc,p, T), and hence 1 oCp(z/_c„,q) naturally defines 
a class in Hl^{Lao,’^~^T). 

Definition 5.6 (Algebraic anticyclotomic p-adic L-functions). Let ijj : Pc^ —>■ Op be as before. Set 
£p(z/ 0^“^) := corif^^/if(£_^+y(locp(z/,co,a G ^“^)) 

= ^ £^+y(locp(zy^^_^_„ 0 '0“^))^(cr“^) G Berisi’^'^V) 0 Ap„,(rcJ, 

(T’ETcq /Tcq 

and letting resKp^^ ■ Fc^ —>■ F = Gal(Arpoo/iF) be the restriction map, define 
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Theorem 5.7. Suppose p = pp splits in K. Let f € S 2 r'^{ro{N)) withp\ N be a p-ordinary newform, 
and let '0 be an anticyclotomic Hecke character of infinity type (r, —r) and conductor CqOk with p\ Co- 
Then 

(£p,^(z/),cd/ ® = (-cr') • e Ap„(r), 

where cr_i.p := recp(— l)|/fpoo G T is an element of order two. 


Proof. Let 0 : f —?> Cp be the p-adic avatar of a Hecke character 0 of infinity type (r, — r) and 
conductor p”, for any n > 1, and set x '■= which is a finite order character. Applying Lemma lS.dl 

we find that where z^ denotes the x-specialization of z/. By Theoreni l4.9l fwith j = 0), 

we thus obtain 


^pAf)irn = 




(5.6) 


(r - 1)! 

(r- 1)! 


(logp(2/.x)-w/® i 1 


On the other hand, a straightforward calculation reveals that the e-factor for the p-adic Galois character 
0p defined in [LZ14[ §2.8] agrees with Tate’s e-factor for 0p, i.e. e(0p) = e(0, 0p) = 0(0|r^)0p(—p")- 
Therefore, by Theorem 15.11 combined with (15.31) and (15.41) . we find that 


(5.7) 


(£p,^(z/),w/(g)ti 2’')(0 1) 
= (•^p,'0(^/)! ^/.b) 


= 0(</>p ^)<(>p(-p”) • a”^p ^(p”) • 


(r- 1)! 


= - 0(CT_i,p)a" • 


0(</>p^)<?!>p(p")^p ^(P") ^ 

(r- 1)! 


■ (logp(z^)O^^w/,v,)0^^ 
(logp(z/) 


Since if has conductor prime to p, we have 0(0p ^) = 0(xp ^) in formula (15.71) . Comparing (|5.6I) and 
(EH), we see that both sides of the desired equality agree when evaluated at 0 ^. Since the set of all 
such characters 0 (for varying n > 1) is Zariski-dense in the space of continuous p-adic characters of P, 
and both sides of the desired equality are elements in the Iwasawa algebra Apur(r), the result follows 
from the p-adic Weierstrass preparation theorem. □ 


We are now ready to prove the “explicit reciprocity law” relating the image of generalized Heegner 
classes under the dual exponential map to the central values of the Rankin L-series L{f, x, s) associated 
with / and the theta series of an anticyclotomic locally algebraic Galois character x of conductor cOk- 
Recall that L{f, x, s) is defined by the analytic continuation of the Dirichlet series 


A(/, X, s) = C(2s -b 1 - 2r) ^ 


aN(a)(/)x(gn) 

N(a)« 


(Re (s) > r + -), 


where a runs over ideals of Ok with (a, cO/f) = 1. In terms of automorphic L-functions, we have 

L{f, X, s) = L{s + ^ - r, ttk <S) Xa), 

where ttk is the base change of the automorphic representation tt generated by /, and XA is the Hecke 
character of associated to x- Also, recall from (|5.2I) the relation ojaVa = t. 


Corollary 5.8. With notations and assumptions as in Theorem \5. 1\ let x ■ Gal{Kc^p<x>/K) -A Op be 
a locally algebraic p-adic character of infinity type (j, — j) with j > r and conductor CqP^Ok- Then 


(exp*(loCp(z^ )),a;/ Oo;/ f = Cf^K ■ e'^{f,xf ’ (/’' ' X V(^) ’ 


L^Hf,X,r) 

r(j-r+l)2’ 
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where cj^k = 

(l - a"^x(crpK"^"^) (l - a~^x{<^p)p'~^~^) ifn = 0, 
1 if n > 0; 


e'pif^x) = 


.aig/p , r(j-r + l)r(j + r) 

(f^X,r) (47r)2j+i(ini^)2i ■ if>X,r). 

Proof. Choose an anticyclotomic Hecke character ijj of infinity type (r, —r) and conductor Co such 
that the character (f> = x'4’~^ is of infinity type (j — r,r — j) and conductor p". Assume first that n > 0. 
By Theorem 15.71 and Theorem 15.11 we then see that 

(-Cp,V-(z/),w/ ® {$) 

= Q{^p)M-Pn ■ a>p-'(p”) • (J - ^)! • (exp*(locp(zf')) ® ® 

= ±a" • e(O,0|7V^^)p""’’ • (j - 0! • (exp*(locp(z^ )), w/ O 
= ±a" • £(0, (/)|7Vp'^)7’""'’' • r(j - r + 1) • (exp*(l0Cp(z^ )),a;/ 0 0 

On the other hand, by the interpolation formula in Proposition ld.SI (with m = j — r), we have 


(5.8) 


(5.9) 

where 


^ V 2 

-S^P,4/)W I ^ L^'g(/, y, r) • e(^, V’p<(>p)"^ • ■ 2^uji^/D^Coe{f) 


1 


e(^>V'p<?^p) ^ = e(^,V'p Vp^)^ = e(0,V’p Vp^)^P ”• 


',-2 ^ (t ,/.-lJ.-1^2„-n 

Combining (15.811 and (15.911 with the equality in Theorem 15.71 we find that 

(exp*(loCp(zjJ^ ' </>(^"^) ’ 2^WK\/^c^''"^e(/)- 

This proves the result when n > 0; the case n = 0 is similar, and is left to the reader. □ 


6. The arithmetic applications 


In this section, we state our main arithmetic applications in this paper, whose proof will be based on 
the results of the preceding sections combined with Kolyvagin’s method of Euler systems. The details 
of the Euler system argument will be given in §7. 


6.1. Setup and running hypotheses. Let / G S' 2 ®'^(ro(A^)) be a newform, and let F/Qp be a finite 
extension with the ring of integers O = Op containing the Fourier coefficients of /. Let 


Pf • ^ CILf(P/) — GL2(E) 


be the p-adic Galois representation attached to /, and set p*j := p 0 and V := Vf(r). Let 
y: Gal(Arcop“/Ar) —?> be a locally algebraic character of infinity type (j, —j) and conductor cOk 

and set := V\gk ® X- Recall that the Bloch-Kato Selmer group of is defined by 


Sel(Ar, P/,x) := ker 


H\K,Vf,y) 





where 


H 


(K Vf 1 — / ^Tx) 


We summarize the running hypotheses in this section. 


H\Kf\Vf,y)) iip]v, 

H^{Ky,Vf^y ^Bcris)) iip\v. 


Hypothesis (H). 

(a) pt2(2r- l)!Afp(Af); 

(b) ( |Heeg[ l and ficanll in SIl 

(c) (co, A^)=_l; 

(d) pOk = PP is split in K. 
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Let e(t^/,x) = ±1 be the sign in the functional equation for L{f,x,s). To calculate the sign, we 
note that e{Vf^^) = ® Xv) is a product of local root numbers over places v of Q. By the 

formulae |Sch021 (9), (12)], we see that £:(i,7r*:^ (g) Xv) = 1 for all finite place v under the hypothesis 
( |Heeg[ ). On the other hand, since tToo is the unitary discrete series of weight 2r — 1, we have 

OXoo) =£(i = (yrT)|2-i+2h+|i-2.+2,|^ 

where /j, : —>■ is the character z i—>■ z/z 1 [Tat791 (3.2.5)]). Therefore, we find that 

(6.1) e(y/,x) = (yZl)|2r-l+2j| + |l-2r+2j| ^ ^ j 

6.2. Nonvanishing of generalized Heegner cycles. Recall from M.41 the construction of the gen¬ 
eralized Heegner classes Zf^^ S H^{K,T 0 y) in (14.7p . 

Theorem 6.1. Suppose that e(Vf,x) = ~1- The following two statements hold. 

(V If Zf,x 7 ^ 0, then Se\{K,Vf,x) = ^ ' ^f.x- 

(2) The classes Zf^x4> nonzero in H^(K,Vf^x<p) finitely many finite order characters 

(j): Gal{Kp<=^/K) ^ p,poo. 

Proof. The first part is a restatement of Theorem 17.71 The second part follows immediately from 
Theorem 14.91 and the nonvanishing of the p-adic L-function in Theorem 13.91 □ 


6.3. Vanishing of Selmer groups. Assume further that / is ordinary at p in this subsection. 


Theorem 6.2. If L{f,x,r) ^ 0, then Se\{K,Vf^x) — {b}- 


Proof. The nonvanishing of the central value L{f,x,r) implies that e(17.x) = +1; and hence y 
has infinity type (j, — j) with j > r or j < —r by (16.11) . Let X^i.9) ~ x('^5'^)) where r is the 
complex conjugation. Then clearly L(/, y’’, r) = L(/, y, r) and the action of r induces an isomorphism 
Se^Tf, Pf,x) — Sel(Ar, P/,x^)) so we may assume that j > r. One then immediately checks that V/,xIgk 
has positive Hodge-Tate weights^, while the Hodge-Tate weights of V/,xIgk- fol — 0- By [BK901 
Thm. 4.1(ii)] we thus have 


( 6 . 2 ) 


HfiKv,Vf,x) 


{0} if ?; = p. 


Let 2 ^ € {K, T0 y) be the y-specialization of the Iwasawa cohomology class z f defined in (15.51) . By 

Corollarv l5.8l the nonvanishing of L{f,x,r) implies that loCp(zy ) ^ 0 (note that the factor ep(/, y) 
never vanishes). The result thus follows from Theorem 17.91 □ 


Combined with the nonvanishing of the p-adic L-function in Theorem l3.9l the results of Theorem l6.ll 
and Theorem l6.2l allow us to immediately obtain the following analogue of the growth number conjecture 
in |Maz84] on the asymptotic behavior of the ranks of Selmer groups over ring class fields. 

Theorem 6.3. There exists a non-negative integer e such that the formula 

dimF Sel{Kpr^,Vf,x) = (1 - 4^1,x)) ’ [^p" ■ K] + e 

holds for all sufficiently large n. 

6.4. The parity conjecture. In combination with Nekovaf’s results on the parity of a p-adic family 
of Galois representations |Nek07j . our results imply the following parity conjecture for V/,^- We heartily 
thank Ben Howard for drawing this application to our attention. 

Theorem 6.4. Suppose that f is ordinary at p. Then we have 

ords=rL{f, y, s) = dimFSel(Ar, Vf,x) (mod 2). 


^Here our convention is that p-adic cyclotomic character has Hodge-Tate weight -|-1. 
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Proof. Let K^/Khe the anticyclotomic Zp-extension and let := Gd\{K^/K). Let A := 0|r^]| 
and let X : Gk —>■ be the universal deformation of x defined by 5 i-A x{g)9\K~ ■ R-ecall that 

T G Gq \ Gk is the complex conjugation. Let Ind§ A” := Acp © Acp be the Gq-module defined by 

g{aep + bej) = X{g)aef + X^{g)bep for g G Gk, 

T(aep + be-p) = 6 ep + aep. 

Let T := TGo X, which is a self-dual left A[GQ]-module equipped with a skew-symmetric paring 

defined in |Nek07[ Example (5.3.4)], and define the A[GQp]-submodule 7p^ C T by 


T+ •= 

/p 


^+r© A 
T G Acp 


if — r < j < r, 
if j > r or j < —r. 


Then (T, ) satisfies [Nek071 (5.1.2) (l)-(4)]. Moreover, one verifies that for any finite order character 

4> : —>■ /Xpcx,, the specialization = T G Ind^ x4' together with the corresponding subspace 

also satisfy conditions (5)-(8) in loc.cit^. 

Let F{(j)) be the field generated over F by the values of </>, let G(</>) be the ring of integers of F{(j)), 
and put := 7^ GoG) F{(j)). Let eiV^) G {±1} be the sign of the Weil-Deligne representation 
attached to V^. Under Hypothesis (H), it is well-known that e{V^) = e(U/,;^) is independent of (j), and 
as already noted we have 


<Vf,x) 


— 1 if — r < j < r, 

+1 if J A or j < —r. 


Now choose a Hecke character if) of infinity type (r, —r) and conductor CqOk such that x4’ ^ is of 
p-power conductor. By Theorem 13.91 we can choose 4> sufficiently wildly ramified such that 


(6.3) 




Thus Proposition 13.81 and Theorem 16.21 imply that dim/ 7 ’( 0 ) Sel(Ar, = 0 if e{Vf^^) = +1, while 

Theorems 15.71 and 16.11 imply that dim/ 7 ’( 0 ) Sel(Ar, U/,;^^) = 1 if e(V7,x) = —1- On the other hand, by 
Shapiro’s lemma we can verify that 


Sel(K,U/,;,^)~Sel(Q,V^). 

Therefore, by |Nek07[ Cor. (5.3.2)] (see also [Nek09] L we conclude that 

dimf Sel(iL, V/,^) = dimi 7 ’( 0 ) Sel(iL, U/,x(/i) = e(^/,x) (mod 2), 
and the parity conjecture for follows. □ 


7. KOLYVAGIN’S method for GENERALIZED HeEGNER CYCLES 

We keep the setup and Hypothesis (H) introduced in ^ except that we do not assume that p is split 
in K. In particular, / G 5'f®'^(ro(A^)) is a newform of level N prime to p, and x : Gal(Arcop°° /K) —s- 
is a locally algebraic anticyclotomic Galois character of infinity type (j, — j) and conductor cOk- Write 
c = CoP^ with p\ Co- The aim of this section it to develop a suitable extension of Kolyvagin’s method 
of Euler systems for the Galois representation V G X- We largely follow Nekovaf’s approach |Nek92) . 

7.1. Notation. For each positive integer n, let Kn be the ring class field of K of conductor n, and 
let A„ = Gd\{Kn/K). If A is a G/c^-module unramified outside pNco, let H^{Kn,A) denote the 
cohomology group {Gal{K^^/Kn), A), where is the maximal extension of K unramified outside 
the prime factors of pNcoU. 

Recall that T is the Gq-stable G-lattice of the self-dual Galois representation V as in |Nek92[ §3]. 
By [Nek921 Prop.3.1(2)], there is a Gq-equivariant G-linear perfect pairing 

(7.1) (,}:TxT^O(l), 


^As explained in INekOTI Example (5.3.4)(5)], this follows from properties [loc.cit.,{2)-(3)] for Tip, whose verification 
is immediate. Indeed, {Tip,T^^) satisfies the Panchishkin condition of INekOTI Def. (3.3.1)] by construction, and Tp is 
pure of weight 1 at all finite places, since Ramanujan’s conjecture holds for /; and anticyclotomic Hecke characters are 
pure of weight 0. 
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and for any local field L, let (, )l : H^{L,T) x H^{L,T) —>• O denote the local Tate pairing induced 
by (, ). Let w be a uniformizer of O and let F = OI{w) be the residue field. If M is a positive integer, 
we abbreviate 

Om := Ojw^O, Tm := Tjw^O. 

We let t always denote a rational prime inert in K, and let A be the prime of Ok above K\ be the 
completion of K at A, and Frob^ be the Frobenius element of A in Gk- If A is a discrete C>[GK]-module, 
we denote by the Pontryagin dual of A. Let Hj{Kx,A) and H}{K\,A) := H^{Kx, A)/Hf{K\, A) 
be the finite part and the singular quotient of A), respectively. Denote by loc^ : H^{K,A) —^ 

H^{K\,A) the localization map at i and by 

df. H^{K,A)-^Hl{Kx,A) 

the composition of loc^ with the quotient map A) A). 

7.2. Kolyvagin’s anticyclotomic Euler systems. Denote by the set of square-free products of 
primes i inert in K with i \ 2pNco. Let r denote the complex conjugation, and let Wf G {±1} be the 
Atkin-Lehner eigenvalue of /. 

Definition 7.1. An anticyclotomic Euler system attached to (T, y) is a collection of classes 

c„ G H^{Kcn,T 0 X~^) such that for every n = m£ G we have: 

(El) corif„^,if^^(c„) = a£(/) • c^; 

(E2) loCf(c„) = resif 

(E3) if then cl=Wf x(ct^) ■ Cn^- 

We briefly recall the construction of derivative classes attached to an anticyclotomic Euler system 
c = First we make an auxiliary choice of a positive integer v such that p'^ annihilates: 

(i) the kernel and cokernel of the map resK,K„ : H\K,Tm®X~^) ^ H\Kr,,TM ® X~^)^- for 
all positive integers n and M; 

(ii) the local cohomology groups H^{Ky,TM 0 X~^) for all v | CgN. 

The existence of such i/ follows from [Nek921 Prop. 6.3, Cor. 6.4, Lem. 10.1]. Define the constant 

(7.2) Bi = min {ordi^(a; - 1) \ x ■ h G p*f 0 X~^(Gk), x G Z^} . 

A rational prime £ is called an M-admissible Kolyvagin prime if 

• £ i 2cNp is inert in K ; 

• af(/) = 1! -|- 1 = 0 (mod tu^); 

• \£+l± Sieif)£^~G 

Let be the set of square-free products of M-admissible primes, and for each n € let G„ denote 
the Galois group Gal(Ar„c/Arc) C Acn- For each £ \ n, the group Gi is cyclic of order 1!-|-1, and we have 
a canonical decomposition G„ = Y[e\n Fixing a generator at, for each G^, Kolyvagin’s derivative 
operators are defined by 

= Z[Gf] 

and 

Dn :=n^^e Z[G„] CG[A„,]. 

l\n 

Then for each n G JOm there is a unique 2 ?m(r-) G H^{Kc, Tm G) X~^) such that 

resK^,K„S'^M{n)) =p^‘'D„c„, 
and the derivative class K^-i(n) is defined by 

K^-i{n) := COTK^/K{T>M{n)) G H^{K,Tm O X~^)- 

We next introduce Euler systems with local conditions at p. Let T C H^{K ® Qp,F® x~^) be 
an F-vector subspace and let F* C H^{K ® Qp,V 0 x) be the orthogonal complement of F under 
the local Tate pairing. We assume that F* = F if x^ = 1- Let Ft C H^{K ® Clp,T ® x~^) be the 
inverse image of F under the natural map H^{K ® Qp,T G) X~^) H'^{K ® Qp,F 0 X~^) and let 
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Tm C H^{K (g) Qp, Tm 0 X be the image of Jr under the reduction map H^{K ® Qp, T ®x 
H^{K (g) Qp,Tm 0 X~^)- For each positive integer n, let Se\^^\K,TM ® X~^) be the n-imprimitive 
Selmer group defined by 


Sep{K,TM®x~^) 


i^s&H^{K,TM®X~^) I 


loc«(s) e Hj{Ky,TM ® X 
locp(s) G Tm 


Note that if p | n, then Sel^^ {K, Tm ®X does not depend on the choice of T. 

simply write Se\jr[K, Tm ® X~^) for Sel^^(itr, Tm ® X~^)- We let 


Se\jr{K,V/T ®x ^) := Ih^Seljr(if, Tm 0 X 

M 


for ?; \ pn, 1 
if p I n j ’ 

When n = 1 we shall 


and define Sel^* {K, Tm 0 x) in a similar way. 

Let 

ck ■■= coikjk{ci) G H^{K,T 0 x"^)- 
By [Nek921 Prop. 10.2 (2)(3)], the derivative classes n^-i (n) satisfy 

(Kl) in) G Sel^^) {K, Tm 0 x”'), 


and by definition we see that 

K^-i ( 1 ) = p^'^ck (mod vu^). 

If £ is an M-admissible prime, then Gkx acts trivially on Tm 0 X~^) and there are isomorphisms 
ae: H}{Kx,Tm ® X~^) = H^iK^/K x,Tm) ^ Tm, 

Pi : HliKx, Tm 0 x”^) = Tm) ^ Tm, 


given by evaluation of cocycles at Frobf and xi, respectively, where xi is a generator of the pro-p part 
of the tame inertia group of Kx- Define the finite-to-singular map 

ift := Pp^oai:H}{Kx,TM®X~^)^ H]{Kx,Tm®X~^)- 

Then it is proved in |Nek921 Prop. 10.2] that for every M-admissible prime f | n, we have the relations 


(K2) 


(-l)’-ie„a,(/)£ 


1 —r 




W 


M 


VD- 


■M 


€))) = 


^+1 


VD- 


■M 


'^n 


a^(/)^ 


1—r 


VD- 


■M 


dt{K^-i{n))-, 


(K3) N^-i(n)'^ = e„ • K^-i(n) if x^ = 1> 

where £„ = x(o'ai) ’ ‘ (—l)‘^i"i G {±1} with uj(n) the number of prime divisors of n. 

Definition 7.2. Let ES(T, Xi-F) be the space of anticyclotomic Euler systems with local condition T, 
consisting of anticyclotomic Euler systems c = satisfying, in addition to (El-3) in Defini¬ 

tion [7Tj the conditions: 

(E4) Ck G Sel^(Tr,T 0 x~^) and G Sel^. (TT, T 0 x) ("t^ locp(cx) G Tt and \oCp{c'^) G T^); 
(E5) for every M and n G JGm, we have K^-i{n) G Sel^^(Tr,TM 0 X~^) ("^ loCp(N^-i(n)) G Tm)- 

The following is one of the key technical results in this paper. 

Theorem 7.3. If c G ES(T, x,T) is an Euler system with loeal condition T with 

Ck in H^{K, V 0 x~^), 

then Sel^. {K, E 0 x) = E • c]^. 

In the next two sections we shall give the applications of this result to the Euler system constructed 
in this paper, postponing the proof of Theorem [731 to ^7.51 
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7.3. Euler system for generalized Heegner cycles (I). Suppose p = pp splits in K, and for this 
section assume that x has infinity type (j, —j) with 

—r<j< r. 

We consider the x“^-component of the generalized Heegner classes Zf^n, as defined in (j4.6l) . 

Proposition 7.4. If n = mi with I inert in K and c \ m, then: 

(2) l0C^(zp^-l_„) 

(3) (^/.x-h")^ = 

Proof. These properties follow from Pror)osition l4.4l Lemma H751 and Lemma ITTZl respectively. □ 

Lemma 7.5. Suppose p > 2r—l. Let w be a place of Kc above p, and let Kc^w be the completion of Kc 
at w. If L/Kc^w is a finite extension and L'/L is a finite unramified extension, then the corestriction 
map 

coil'/l ■■ Tm®x) — H}{L, Tm ® x) 

is surjective, and the restriction map 

TesL,L' : H\L, Tm ® x~^)/H}iL, Tm ® X~^) ^ H\L', Tm ® x~^)/H}{L', Tm ® X~^) 
is injective. 


Proof. By local Tate duality, it suffices to establish the first claim. Since p > 2r—l, the Bloch-Kato 
group Hj{L, T®x) for the crystalline representation T ®x admits a description in terms of Fontaine- 
Laffaille modules (see |BK901 Lem. 4.5(c)]). Thus let D be the Fontaine-Laffaille Oi,-module attached 
to T (g) X as a Gi-module. Then D ®Ol is the Fontaine-Laffaille module oiT ®x regarded as a 
Gl'- module, and by loc.cit. we have the commutative diagram 


Ol' ®Or. Ol' 


■H}{L,T®x) 


D° 


lOTTp'/i 

/o-l 


IOTtl'/i- 


coil'/l 




■H}{L,T®x) 


where /o is the usual Frobenius map. The surjectivity of cotm/l thus follows from the surjectivity of 
the trace map Tr^z/i : Ol' —t Ol- □ 

For each n € define 

„heeg 

'-'n • ^ ,nc- 

Set c^®®® := and let Jbk := Hj{K 0 Qp, F 0 X~^) he given by the usual Bloch-Kato 

finite subspaces. 

Proposition 7.6. We have c^®® = Zf^y_-i, and c**®®* € ES(T, x“^, J^bk) is an Euler system with local 
condition Jbk- 

Proof. The first claim is clear. On the other hand, it follows from Proposition 17.41 that c^®®s 
satisfies conditions (El-3) in Definition 1 7. II To see that c*'®®® also satisfies conditions (E4) and (E5) in 
Definition 1 7. 21 we note that \oCp{zf^^-i^nc) & IIf{Knc,T®X~^) hy |Niz97] . Since the action of complex 
conjugation induces an isomorphism Ilj{K ® Qq,T ® x~^) — ® 0 x) for every prime q, 

we see that (c*'®®®)'^ satisfies (E4). Therefore, we have = Zf^^-i G Seljr^j^(KT, T 0 x~^) and 

loc^(resTXcjiCcn(^Af (r)) — loc.u;(p i) G Hj{^K(,ji^^,TM ^ X ) 

for each place w \p. By Lemma 1731 this implies that 1 oCu,(Dm(?t-)) G Hj{Kc,w, Tm ® X~^)) and hence 
loCp(K^-i(n)) G Tm, as was to be shown. □ 

Theorem 7.7. 0 G H^{K, V ®x), then 

Sel(K:, F 0 x) = SeljPBK(-^> V ® x) = F ■ zf^^. 
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Proof. Note that by Proposition I7.4r 3'l we have the equivalence 

^f,x = 0 ^ = 0 . 

Thus Proposition 17.61 combined with Theorem 17.31 yields the result. □ 

7.4. Euler system for generalized Heegner cycles (II). As in the preceding section, we assume 
that p = pp splits in K, but suppose now that y has infinity type (j, —j) with 

j > r. 

In addition, in this section we assume that / is ordinary at p. 

Let zJ be the y-specialization of the Iwasawa cohomology class z/ defined in (15.51) . For every place 
V oi K above p, let Cy C F 0 y) be the subspace spanned by loc^(zj). Then 

CT,y ■- Cy n H\Ky,T ^ x) = Ow-^-\0Cyizj) + H\Ky,T)t,, 

for some ay S Z>o, where iL^(—)tor denotes the torsion subgroup of Let C H^{Ky,V(Six~^) 

be the orthogonal complement of £y, and set £* := £p We will choose the integer u in (17.2l large 
enough so that p''H^{Ky,T)toT = {0} for each v \ p. 

Consider the Iwasawa cohomology classes z/^„ := Zf^n,a from (15.11) . and for each n G JXf' define 

to be the specialization of Zf^cn at y“^. Set c**®®®’! := {c)^®®®’'^}^^^. 

Proposition 7.8. The collection c*'®®®’^^ G ES(T, y,£*) is an Euler system for the local condition C* 
with = z^ 

Proof. We begin by noting that for inert primes £ with n = mi G we have 

( 1 ) COTKr,c,Kmc{^f,n) = ai(f)-Zf^rn; 

(2) l0Cf(z/,„) = reSif^^^,if„^^(l0Cf(z/,,„)F™©); 

(3) zJ_„ = u;/-CTg^-z^'^, 

since by Lemma 15.41 and Proposition 17.41 these relations hold after specialization at every finite order 
ramified character. Specializing the same relations to y~^, we thus find that conditions (El-3) are 
satisfied by c’^®®®’C The validity of (E4) for c*'®®®d and its image under r follows from the fact that if v 
and V are the two places of K above p, then loCt,(c^®®’^) = loc„(zj ) belongs to H^{Ky,^^T © y“^) 
and the action of complex conjugation sends H^{Ky,^^T 0 y“^) to H^{Ky,^^T (g) y). We now 
proceed to verify condition (E5) for c^®®®’C Eor any finite extension L/Ky, let 

{,)l:H\L,Tm®X~^)xH\L,Tm®x)^OIw^O 

be the canonical pairing. By [RubOOl Prop. 1.4.3], it suffices to show that (loCt, {K^-l{n)),CT,y) = 0, 

i.e. 

(7.3) (loCt,(K^-i (n)), ■n7““*'loCt,(z^) +x)Ky = 0 (mod ro^), for all x G H^{Ky,T)tor- 

Let u be a place of K above p and let w/wq be places of KndKc above v. Let /C and N be the 
completion of and Knc at wq and w, respectively, and note that M/K. is an unramified extension. 
Set 

/Coo := AToo/C, Moo '■= KooM. 

Let be a set of representatives of M /where M,wo '■= Gal(/C/Ar„) is the decomposition group 
of n, and let Ac = GdX{Kc/K) as always. By Lemma iTAl there exists yy,o- G Hd{Moo,TM) such that 

azf^co)) (mod vu^). 


coij^/K:{yAr,a) = loCu,o(resx,„.iCe(tA7 
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It is easy to see that K^-i{n) is divisible by p", and so {K^-i{n),H^{Ky,T)toT) = 0. On the other 
hand, we compute 

{K^-i{n),\0Cy{w~°‘''zJ))K, = ^ (loCi„o(pPM(«)),loc^,o(reSif^_^,if^{w““"CTZ^_^J))K 

( 7 GA„„, pG'I'„ 

Cloo (pVMin)), coT^/K.{ylf J)ic 

ctGAco, pG'I'„ 

( 7 GA„„. pG«'„ 

Thus to verify (ESI) it remains to show that (loCu,(pZ?„z^ = 0 (mod Consider Perrin- 

Riou’s A-adic local pairing 1 |PR,941 3.6.1]): 

(, : HUMoo,Tm) X HI^{N^,Tm) Ao(r) 0 O/w^. 

Recall that for every x = 1™^ Xm and y = 1™^ Vm in HI^(Moo,Tm), the pairing is defined by 

{x, y)j^^ = ^m {Xm,(Tym)Mm^, 

™ <TGGal(AA„./AA) 


and it enjoys the interpolation property: if y : P —> is any p-adic character, then 

{x,y)Ar^ix) = {x^,y^ ") aa - 

Since for any finite order character ^ of P and any p G Ac„, the classes ^ and loc^, (pz^ ) belong 
to Hj{J\f,T 0 (j)), we see that {\0Cyj{pDnZf^cn),yAr,a)Af = 0, and hence 

(l 0 C„(pi:>„Z^_^J,y^^^)AA = (l 0 C^(pL'„Z/,cn)^ 

= {\0CnjipD„Zf^cn),yM,a)M{x) = 0 (mod zu^). 


This completes the proof. □ 

Theorem 7.9. //loCp(z^ ) ^ 0, then Sel(Ar, P 0 y) = {0}. 

Proof. To every choice of subspaces Ty C H^{Ky, P 0 y) for every prime u | p, we associate the 
generalized Selmer group 


i7>^,^_(K,P0y) := 


l^sGH\K,V(g)x) I 


loc,(s)ei7)(X„P0y-i) 

l0Ci;(s) G 


for q I p 
for I p 


The nonvanishing hypothesis implies that loCp-(zj) ^ 0, and hence by Proposition l7.8l and Theorem l7.31 
we have 

(7.4) P 0 y) = F • {zf'V = F-z). 

Note that loCp(zj)'^ = loCp(z^ ). The nonvanishing of loCp(z^ ) thus implies that loCp(zy) ^ 0, and 
combined with (dl) this shows that o(^’ ^ ^ x) = {0}- Finally, in light of the Poitou-Tate exact 
sequence 


loCr, 


FqI 0 (F, P 0 y-i) 1. _0 (K, P 0 y-i) 

^HI^{K,V®xY 


HLp{K,V®xT 


we find that P 0 y) = Sel(Ar, P 0 y) = {0}. 


□ 


7.5. Kolyvagin’s descent: Proof of Theorem 17.31 Let c G ES(r, y,F) be an Euler system with 
cr- ^ 0 G H^{K,V 0y“^), or equivalently, with ck ^ H^{K,T 0y“^)tor- 
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Preliminaries . Let Rp = 0 [p*j{Gq)] C M^iO) and define 

B 2 := inf {n e Z>o | w'^M^iO) C Rp} . 

Since p} is absolutely irreducible, we have Rp(Si F = M 2 {F), and hence B 2 < 00 . 

Lemma 7.10. Let E C Kc^px, be a p-ramified extension of K. Then either E = Q or Q(\/^); where 
P* = 

Proof. Since p } Dk, the fields E and K are linearly disjoint. It follows that EK is abelian and 
dihedral over Q. Hence by class field theory we conclude that either i? = Q or Q(v^)- D 

Let M be a positive integer. Then x~^ (mod vj^) factors through the Galois group Gd\{fH/K) for 
some ring class field K^^p^iRjK,,^. Let Ltf be the maximal pro-p extension of Kc^ inside LL. Then 
Gal('H/'H*’) is a cyclic group of order dividing p± 1. In addition, the ramification index of Rf above p 
is a p-th power, and by Lemma rz.lOl is follows that Q DTL^ = Q. Thus we have PfiGa) = p}{G-^\,) 
and hence 

Rp = 0[p){G^.)]. 

Lemma 7.11. Let f : G'pp —>■ be a character. 

(1) IfT'c Tm G f is an Rp-submodule with T' (f_ voTm, then zu^^Tm C T'. 

(2) zu^'^ Hom/jp (Tm G ^,Tm G C) = ■ I 2 , where I 2 is the identity map. 

Proof. This is essentially [Nek921 Lemma 12.3]. □ 

Lemma 7.12 (' |Nek92j . proof of Prop. 12.2(b)). Let (,i,... ,fs ■ Gfp, —>■ be characters, and set 

S S 

i=l i=l 

Let yV <ZV be an Rp-submodule. If the map j : S ^ Hom(>V, Tm) given by 

a = (ai,... ,as) —S> j{a) : {wi,. ..,Ws) '—)■ aiWi H- OsWs 

is injective, then V C W. 

Proof. We proceed by induction on s. For s = 1, the result follows from Lemma F?.Ill' ll. Suppose 
s > 1 , and let TT : V —>■ V' := © ii be the map projecting onto the last s — 1 factors. 

Let 

S 

S' = @OmI{vo^^), W'= 7 r(W)cV'. 

i =2 

It is easy to see that S' —?> Hom(>V',TM) is also injective given the injectivity of j, and hence by 
induction hypothesis we have C W with 7 = (2® — 2 )i? 2 . Let 

Vi = Wi = W n Vi = kerTT, 

and let W Vi/Wi be the i?p-module map w' i-A pri{w), where w is a lifting of w' in W C V, and 
pri : V —^ Vi is the first projection. By Lemma l7.111 11. there exists m <ni such that 

Let / : V' —>■ Vi/ro^Vi be the composition of Tp-module maps 

/ :V' '^W ^ Vi/Wi ^ Vi/ro™Vi = OmUvzj'^) 

By Lemma 17.111 21. there exists ( 02 ,..., Og) € such that 

VU^''j'{v2, ■■ - Vs) = a2V2 H-h OsVs. 

In particular, for every (wi,..., Wg) € W, we have 

+ vj~'a2W2 + • • ■ + uj'^agWs G w'^Om- 

This shows that (—•n 7 "i“’”+^a 2 ,...,■n 7 "i“"*+'>'as) G S annihilates W. By the injectivity 
of j : ^ ^ Hom(>V,TM), the equality ct"i-™+ 7 +S 2 = q g 0/{w'^^) implies that m < 7 + B 2 . Thus 
we have proved the inclusions C >Vi and w'^V C W, and it follows that <7 

concluding the proof of the lemma. □ 
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Put Pm '■= p*f® Om '■ Gq —7> Auto(TM), let Q(Tm) := be the splitting field of Tm, and set 

L = n{TM) ■.= n-QiTM). 

Consider the Gal(L/Q)-niodule H^{L,Tm) = Honi(Gal(Q/L),T m), where a S Gal(T/Q) acts via 

f){s) 

If ^ C is a C>[Gal('H/Q)]-subniodule, we let Ls := be the splitting of S 

over T, and put Qs '■= Gal(Ts/T). We then have an inclusion 

and a Gal(T/Q)-equivariant map 

Qs ^ Vs ■= Homc)(S',T m). 

Lemma 7.13. Let s = dimp 5” ® F. Then ^ C 0[Qs\- 

Proof. Since GsX{'H/V}’) has order dividing p± 1, the Gal('H/'H'')-module S can be decomposed 
into a direct sum of cyclic O-modules: 

S 

i=l 

for some : Gal('H/'H^) —?> O'^ , and so Vs = as i?p-modules. Applying Lemma !?. 121 

with W := 0[Qs], the result follows. □ 

Let Qg = Qs^^ = (1 + ''')Qsi where r is the complex conjugation. 

Proposition 7.14. 

(1) vo^-H\Ga[{L/K),TM®x-^) = {^}- 

(2) Lsr\'H{T2M) <L'H(Tm+Bi)- 

(3) For each g G Qg, there exist infinitely many primes £ inert in K such that: 

• Frob^(Ts/A:)(:= Frobflis) = 5, 

• zu^ I £ + 1 ± afif) 

• \£+l±ae(f). 

Proof. This can be proved by the same argument as in |Nek92[ Prop. 12.2]. □ 

The descent argument. Define the constants by 

B 3 := max {n G Z>o | ck G T 0 x“^)} 

= max [n G Z>o | G w'^H^{K, T (g) y)} ; 

S ■=/ 0 ifx" = l, 

■ \ niin^gGai(iCe„p=o/Ar) ord^(x2(cr) - 1) if 1. 

Put Cl := 6 B 2 + Bi + B 3 + B 4 , and choose a positive integer M with 

M > 2Ci +2Bi. 

Let Kj^(l) = c]). (mod zu^), and for each x G Tm put 

ordro(a;) := maxjn G Z>o | x G vj'^Tm} ■ 

Lemma 7.15. There is an M-admissible prime £i such that 

ordro(a£i(K^-i(l))) = ord^(a^i(K;^(l))) < Ci. 

Proof. Let zqsk.l '■ H^{K,Tm G X~^) H^{L,Tm G X~^) = H^{L,Tm) be the restriction map. 
Let Si = res/f,z,(/c^-i (1)) € H^{L,Tm), and consider the O-submodule 

S := Osi + Osl C H\L, ■ 
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Take an element t € with ordro(0 = Bi + B 3 + B^, and define f G Vs hy /(si) = t 

and /(s[) = 0 if X X~^- Using Proposition 17.14f li. it is easy to see that / is well-defined. Applying 
Lemma 17.131 we find that 

U7^^^1+T)f = Qg-g, {agGO) 

960+ 

and evaluating at si we obtain 

^ Og • «;^-i(l)(g). 

960s 

This shows that there is an element g G t/g with ordTO(N;^-i (1)(0)) < Ui, and the existence of a prime 
£i as in the statement follows from Proposition 17.141 □ 

Fix an M-admissible prime £1 as in Lemma 17.151 and let S C H^{L, Tm) be the image of the sum of 
and its complex conjugate. Then S C Hom(t/s,is an 0[Gal('H/Q)]- 
submodule. We will apply the discussion in the preceding paragraphs to this S. 

Setting 

do := dimF(U/T -f dimp Seljr(A:, F/T ( 8 )x~^)M> 

we have 

dimp S' (g) F < 2dimF Sel^^^(Ar, Tm G X~^)[^] < 2do + 4. 

Let B = 2Ci -I- 2Bi + 2 B 4 , dehne 

C 2 := B + {2^‘^°+^ - 2)B2, 

and let Y C Vg be the subset consisting of maps / such that is contained in the O-submodule 

generated by /(si) and /(S 2 ), where 

Si := reSiF,L(A^-i(l)), S2 := reSff,L(K^-i(£1)). 

Lemma 7.16. The set Gg (lY is non-empty. 

Proof. First suppose x^ 7 ^ 1- Define the O-module map 

e : U+ ^ Tm © Tm, / ^ C(/) := (/(si), /(S2)) = (/(n^-i (1)), /(n^-i (G)))- 
Let V'*' := ^{Vg) C Tm © Tm- We claim that 

{Tm © Tm) C V'*’. 

Indeed, let Si C S be the O-submodule generated by {si, s[, S 2 , S 2 } where s’" := r • Si- For (^ 1 ,^ 2 ) G 
w^Tm © vj^Tm, we define g : Si —7 Tm by 

g{xsi + ys 2 + zsl + tcs^) = xti + yt 2 - 

Note that if xsi + ys 2 + zsl + ^^2 = Oj ttien w^‘^{xsi + ys 2 ) = n 7 ^*(zs[ + wsl) = 0, and hence 

■ajBi+^^ydi^{K^-i{£i)) = xu^^~''^*zdi^{T ■ k^-i{£i))) =0 

=> ordn7(y), oid^{z) > M — Cl — 2Bi — B 4 > M — B, 

and similarly: 

^ zk^{1) = 0 

^ ord^(a;), ord,^(z) >M- (2Ci + 2 T 4 + 2Ti) = M - B. 

We thus find that xti = yt 2 = 0, and so g is well-defined. Extending g to a map 5 : S —>■ Tm, we put 
f ■=g + g'^ G Vg . Since we have 

f{si) = g{si) + Tg{sl) = h, /(S 2 ) = g{s 2 ) - Tg{sl) = t 2 , 

this verihes the claim. 

Now let q : Tm © Tm —7 Om be the quadratic form defined by q{v) = vi /\V 2 for all v = {vi,V 2 ), 
and let I C Om be the ideal generated by { 0 (^^)}„gv+. Note that I D w^^Om- By Lemma 17.131 












HEEGNER CYCLES AND p-adic L-FUNCTIONS 


37 


vjC^ is contained in the O-module generated by ^{Qg)- This implies that C I 

is contained in the ideal generated by {<z(^)}„gj(0+)- We thus conclude that there exists g & Qg such 
that ^{g) = {vi.v^) with wi A t>2 G and r < 2Ci. This shows that 

Ovi + Ov2 D 'uj^'Tm 3 

and hence g € Y. 

Next we assume that = 1. Then we have 

si = esi, si = {-e)s 2 
for some e G {±1}- Define the O-module map 

e : F+ ^ Tl, © = Tm, / ^ an = /(si) + fis2) = (1)) + /(k^-1 (4)), 

and let V+ := a^s ) ^ We now claim that zu^Tm C V'*'. Let 5*1 C H^{L,Tm) be the submodule 

generated by {si, 52}- For each (^1,^2) G w^Tlj © = w^Tm, define g : Si ^ Tm by 

g(xsi+ys2) = a;ti+2/<2 {x,yGO). 

One can verify that g is well-defined as before, and extending 5 to a map g : S ^ Tm^ we set / := g+g'^. 
Then /(si) = 2ti and /(S2) = 20, proving the claim. By Lemma 17.131 zu^^Tm C zu^'^~^V^ is 
contained in the O-module generated by and we find that 

aOs) ^ U {zu^^+^T+ © , 

which implies that Qg O L" is non-empty. □ 

By Proposition 17. 141 and Lemma T?. 161 there is a finite set Ey of M-admissible primes such that 

{FrohaLs/K)},^^^=g+nY. 

Define the Ey-restricted Selmer group Sely^ by 

Selsy = {s G Seljr(^K, Tm © x) I s(Frobf) = 0 for all £ G Ey} . 

Then we have the exact sequence: 

(7.5) 0 hKKmTm © y-^) ^ Sel^(iF, Tm © y)"^ ^ Sel^^ ^ 0 

Lemma 7.17. Selsy = {0}- 

Proof. By definition, if s S Sely^ then s(f/g 0 P) = 0. Noting that GgDY + p'^'^’^^^Gg C Gg r\Y, 
we thus find that 

s{Gj n P) = 0 ^ s{p^^^+^G+) = 0 

^ P^^^+nesKAs) = 0 e h\l,Tm). 

By Proposition 17. 14f lL it follows that p^i+2C'2-i-ig _ □ 

Lemma 7.18. For each £ G Ey, we have 

p^b+b,jji^KmTm®x~^) c odiK^-A) + odiK^-Aa)- 

Proof. By the choice o£ £ G Ey, we have 

A^Tm C C>(Q!f (k ^-1 (1)) + C>(q!£(k^-i A))). 

This is equivalent to za'^^Hj{K\,TM © y~^) C Oloc^( k^-i (1)) + 0\oci{k^-i{£i)). The lemma thus 
follows from property (IK^ . □ 

Now Theorem [731 is a consequence of the following result. 

Theorem 7.19. There exists a positive integer C such that 

p^ ■ (Sel^. {K, V/T © x)/{F/0 • c^)) = {0}. 
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Proof. We denote by 

(, )a: HjiKx^TM x)xHI{Kx,Tm X~") ^IMZ 

the Tate local pairing. By the exact sequence (17.51) combined with Lemma 17.171 and Lemma 17.181 for 
every / G Seljr{K, Tm ® xY can write 

p^^-f= ^ atdtK^-i{£) + bidiK^-i{Ui), C 3 := 2 C 2 + 2B + 2Bi + 1. 

Thus for every s G Seljr{K, Tm ® x) 'we have 

■ /)(s) = f{p^^ ■ s) 

= y] (loc),(s),bAd^K^-i(££i)}^ 
eesy 

= (l0CAi(s),tAi)Ai (tAi := X! -f^\di,K^-i(££i)). 

eesr 

This implies that p^^ annihilates the kernel of the localization map 

locA^: Sel^(K,TM 0 x) ^ K := Y G B}(Km,Tm 0 x) I (s,Od^,(K^-i(£i))}M = 0} . 

On the other hand, setting 

oi := ordi,j(afi(K;^(l))), 02 := ord^/ 3 f( 9 fiK^-i(£1)), 

by Lemma [7.1 51 and (IK2I) we have oi < Ci and 02 < Ci +Bi. If M > 01 + 02 , an elementary argument 
shows that 

Combining these together, we deduce that 

p2C,+B,+c, Se\r{K,TM O x) C = Omc^ 

for every M > 2Ci + and the theorem follows. □ 
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